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PREFACE. 



THE work, of which an American edition is 
now offered to public acceptance, needs no laboured 
encomium, as it is the production of an author whose 
peculiar facility in combining the elegance of the pro- 
found geometer with the perspicuity of the practical 
teacher, has justly established his character with the 
mathematical world. 

The tract having been originally designe^i as an 
appendix to a treatise on geometry published by the 
same writer, it was thought expedient to adapt the 
references to a different work, more generally studied 
in our schools. They are accordingly suited to 
Playfair's Geometry, but they will mostly apply to 
Simson's translation of Euclid's Elements. Some 
cases, which were omitted by T* Simpson, have 
been supplied ; particularly the use and demonstra- 
tion of Napier's circular parts. 

The appendix, now subjoined, it is hoped, will 
prove acceptable, and render the work more exten- 
sively useful. The propositions are principally ex- 
tracted from the writings of Emerson ; but many of 
the demonstrations are either partly or entirely new. 

K L. 

Newgarderij 11 mo. 24, 1810. 
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PLANE TRIGONOMETRY. 



DEFINITIONS. 



1. PLANE Trigonometry is the art whereby, hav- 
ing given any three parts of a plane triangle (except the 
three angles), the rest are determined. In order to which, 
it is not only requisite that the peripheries of circles, but 
also certain right lines in and about the circle be supposed 
divided into some assigned number of equal parts. 

2. The periphery of every circle is supposed to be di-* 
vided into 360 equal parts, called degrees ; and each de- 
gree into 60 equal parts, called minutes ; and each minute 
into 60 equal parts, called seconds, or secohd minutes, &c. 

3. Any part AB (fig. 1.) of tl^ periphery of the circle 
is called an arch, and is said to be the measure of the angle 
ACB at the centre, which it subtends. 

Note. The degrees^ minutes^ seconds^ ^c» contained in 
any archy or angle^ are written in this manner ^ 50** 18' 35'', 
which signifies that the given archy or angle^ contains -50 
degrees y 18 minutes^ and 35 seconds. 



6 PLANE TRIGONOMETRY. 

4. The difference of any arch Irom $0* (or:i quadrant) s ^ 
is called its complement ; and its difference frMl 150**J^oj^^.^.^' 
a sfemicircle) its st^plement. ^ \ 






5* A chord, or s)ibtense, is a right line drawn from one 
extremity of an arch to the other : thus the right line BE 
is the chord, or subtense, of the arch B AE or BDE. 

6. The sine, or right sine, of an arch is a right line drawn ^ 
from one extremity of the arch^ perpendicular to the dia- 
meter paissing through the other extremity. Thus BF is 
the sine of the arch AB or DB. 

7. The versed sine of an arch is the part of the diameter 
intercepted between the sine and the periphery. Thus AF 
is the versed sine of AB ; and DF of DB. 

8. The cO'sine of an arch is the part of the diameter in- 
tercepted between the centre and sine, and is equal to the 
sine of the complement of that arch. Thus CF is the co- 
sine of the arch AB, and is equal to BI, the sine of its com- 
plement HB. 

. 9. The tangpnt of an arch is a right line touching the 
circle in one extremity of that arch, produced from thence 
till it meets a right line passing through the centre, and the 
other extremity. Thus AG is the tangent of the arch AB. 

10. The secant of an arch is a right line reaching, with- 
out the cirtl^, from the. centre to the extremity of the tan- 
gent. Thus CG is the secant of AB. 
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.PLANE TRIGONOMETRY. 7 

11. The cd«tangent ahd cb-secant of an arch are the tan- 
gent and secant of the complement of that arch* Thus' 
HK and CK are the co-tangent and co-secant of AB. 

12. A trigonometrical canon is a table exhibiting the 
length of the sine, tangent, and secant to every degree and 

' minute of the quadrant, with respect to the radius ; which 
is supposed unity, and conceived to be divided into 10,000 

^ 'luf more decimal parts. By the help of this table, and the 
doctrine of similar triangles, the whole business of trigono-" 
metry is performed ; which I shall now proceed to show. 
But, first of all, it will be proper to observe, that the sine of 
any arch A^ greater than 90** is equal to the sine of another 
arch AB as much below 90^ ; and that its co-sine C/^ tan- , 
gent A^, and secant €§•, are also respectively equal to the 
. co-sine, tangent, and secant of its supplement AB ; but 
only are negative, or fall on contrary sides of the points C 
and A, from whence they have their origin. All which is 
manifest from the definitions. 



THEOREM I. 

Jn any right-angled plane triangle ABC (fig. 2.), it will 
he as the hypothenuse is to *t he perpendicular^ so is the radius 
{of the table) to the sine of the angle at the base. 

For, let A E or AF be the radius to which the table of 
sines, &c. is adapted, and ED the sine of the angle A or 
arch'EF {Vid. Def 3. and 6.); then, because of the sir 
milar triangles ACB and AED, it will be AC ; BC : : AE 
; ED (% 4. 6.). % E^D. ' 




8 PLANE TRIGONOMETRY. 

Thus, if AC = ^75y and BC = ,45 j then it will be, ,75 ; 
',45 : : 1 (radius) : the sine of A = 6 ; which, in the table, 
answers to 36° 52', the measure or value of A. 



THEOREM II. 

In any right-angled plane triangle ABC (fig. 2.J, it will 
be J as the base AB is to the perpendicular BC, so is the ra- 
dius {of the table) to the tangent of the angle at the base. 

For, let AE or AF be the radius of the table, or canon, 
and FG the tangent of the angle A, or arch EF {Vid. Def. 
3. and 9.) ; then, by reason of the similarity of the triangles 
ABC, AFG, it will be AB : BC : : AF : FG. ^ E. D. 

Thus, let AB =r ,8, and BC = ,5; then we shall have 
,8 : ,5 : : 1 (radius) : tangent A =s ,625 ; whence A itself 
is found,' by the canon, to be 32* 00'. 



THEOREM III. 

* 

la every plane triangle ABC (fig. 3.), it will be^ as any 
en^ide is to the sine of its opposite angle^ so is any other 
side to the sine of its opposite angle. 

For, take CF = AB, and upon AC let fall the perpendi- 
culars BD and FE; which will be the sines of the angles 
A and C to the equal radii AB and CF. Now the trian- 
gles CBD, CFE being similar,, we have CB : BD {sin. A) 
: : CF (AB) : FE f.vm. C). ^ E. D 



PLANE. TRIGONOMETRY. 
THEOREM IV. 

Aa the base of any plane triangle ABC (fig. 4.) U to the 
sum of the two tides, so is the difference of the sides to ttvi<.e, 
tliedisttmce DE of the perpendicular from the middle of the 
base. 

From the vertex C, with the greater side AC, describe a 
circle, and produce AB and CB to the circumference i then 
it is evident that BF is the suin, and BH the difference of 
the sides; also, since AB + BG = 2 AD (3. 3.) = 2AE 
+ 2ED = AB + 2ED ; BG ^ 2ED. Join AF, HG j 
then die angle AFB = BGH ; FAB = BHG (31. 3.), and 
ABF = HBG; therefore AB : BF(AC + BC) : : BH 
(AC — BC) : BG (aED), by 4. 6. ^. E. D. 

THEOREM V. 

In any plane triangle, it will 6e, as the sum of any two 
sides is to their difference, so is the tangent of half the sum 
of the two opposite angles, to the tangent of half their 
difference. 

For, let ABC (fig. 5.) be the triangle, and AB, AC uie 
two proposed sides j and from the ceuu'e A, with the radiua 
AB, let a circle be described, intersecting CA, produced, in 
D and F ; so that CF may express the sum, and CD tlie 
difference of die sides AC and AB : join F, B and B, D, 
BBd draw D£ parallel, to FB, meeting BC in £. 



Clane trigonometry. 
because 2ADB = ADB + ABD (by 5. 1.) = C 
(^32. 1.) it is plain that ADB is equal to half the 
he angles opposite to the sides proposed. More- 
over, since ABC = ABD (ADBJ + OBC, and C = ADB 
— DBC (61/ 32. 1 .) it is ^laln that ABC — C is = 2DBC ; 
or that DBC is equal to half the difference of the same 



Now, because of the parallel lines BF and ED, it will be 
CF : CD : ; BF : DE ; but BF and DE, because DBF and 
BDE are right angles C^y 31. 3.aiid29. 1.), will be tangents 
of the foresawl anglEs FDB (ADB) and DBE (DBC) to 
the radius BD. ^ £. V. 

COROLLARY. 

Hence, in two triangles ABC and A6€, having two 

sides equal, each to each, it will be (by equalitif\ as taug. 

AbC + AC6 AftC — AC/i ABC + ACB 
: tanc. : : tang. : 

tang. — . But, if CASbe supposed aright an- 



gle, then -will A6C + AC6 also = a right angle (by 32. 1.), 

c AAC-t-ACi -. -. ™ , . 
and the tangem ol — r- — ~ '— raoius*. Therefore in 

this case oiir propoitibri will become, 

- ACA , . ,„ 

.(= ASC — Ab°) : : 



tl^e ioWoving theorem, for finding the angles opposits to any 
• See Prep, l.Cor, S. 



PLANE TRIGONOMETRY. 
two proposed sides ; the included angle, and the sides 
selves, being lcnown> 

As the less of the proposed sides (A6 or AB) is to tlie 
greater (AC), so is radius to the tangent of an angle (AiC, 
see Theor. 2.) And as radius to the tangent of the excess 
of this angle above 45°, sO is the tangent of half the sum if 
the required angles to the tangent of half their difference*. 

' This theoMin, though it requires two proportions, is commonly lued hj 
aitrotiomers in determining the eloagation and pmlluca of the ptaoetg 
(being beat adapted to logarilhnu) ; for which reason it it here given. 



PLANE TRIGONOMETRT. 

solution of the cases of right-angled plane triivigles 
Figure 6. ^ 



» GiVcfl 


Sought 


Solution. 


The hyp. 
1 AG and Uie 


One leg BC 


Aa rafUus is to the sine of A, 
so is the hyp. AC to the leg 
BC ib,j Theor. 7.) 


'["lie nyp. 
2 AC and one 
leg.BC 


The angles 


As AC : BC : ; radius : am. 
A {T7ieor. /.), whose com- 
plement is the an^Ie C. 


The hyp. 
3 AC and one 
le^BC 


The other 
egAB 


Let the angles be tound, 
iy Ca^e S. and then the re- 
quired leg AB iy ('«« '■ 


I'he angles 
4 »nd one leg 
BO 


The hyp. 
AC 


As sine A : radius : : the 
leg BC : the hyp. AC 

[Thtor-. I.) 


riie Mglns 
5 and one kg 
BC 


The oiher 
legAB 


AB {by Theor. IIJ.) Or, as 
i-adius : tang. C : : BC : 
AB {tni Theor. IT.) 


Ihe iwo 
6 legs AB and 


The angles 


As Ab : BC : : radius : 
tang. A (*y ^■*<°''- ^^l 
whose complement is the 
angle C. 


The 'two 
7 legs AB and 
BC 


The hyp. 
AC 


Let the angles be found, 6y 
Ca«e 6. and then the hyp 
AC, by Ca>e 4. 



PLANE TRIGONOMETRY. 



% 13 

f 

The sciution tf the cases of oblique plane tric^f^s. 

Figures 7^ 8. 




Gtven 



Sought 



Solution. 



The angles 
and one side 
A6 



Two sides 
AB, BC and 
2 Jan ang. C 
op. to one of 
them 



Two sides 
AB, BC,and 
an opp. an- 
gle C 



Two sides 
AC, ABand 
the included 
angle A 



Two wdes 
AC, AB and 

thfeincl. <A 



AH the three 
sides 



Either of the 
other sides 
BC 



The other 
side AC 



The other 
angles C 
and ABC 



As sine C : AB : : sine A : 
BC {by Thear. Ilf.) 



The other As AH : sin. C : : fiC : sin.A 
anglesAand {byTheor. III.) which added 
ABC to C, and the sum subtracted 

from 160, gives the other an- 
gle ABC, 



Liet the angle ABC be found, 
by the preceding case, and 
then it will be, sin. C : AB : : 
sin. ABC : AC {by Tkew. 
III.) 



TIk; other 
side BC 



An angle, 
suppose A 



As sum of AB and AC : their 
dif. : : tang, of half the sum of 
ABC and C : tang, of half 
their diff.(Ay Theor. T.) which 
added to,and subtracted from, 
the half, sum, gives the two 
angles. 



Let the angles be found by 
the last case, and then BC, 
by case 1. 



TT 



Let tall a perp. BD opp. to 
the req. angle : then {by 
Thcar, IF,) as AC : sum of 
AB and BC : : their dif- : 
twice dist. DG of the perp. 
from the middle of the bsse; 
whence AD being also. known 
the angle A will be found by 
Case 2 of right angles. ( 



# 




14 * C6NSTRUCTI0N OF THE TABLE 

€• — The 2d and 3d cases are ambiguous, or admit of 
two diluent answers each, when the side AB opposite the 



^f\ 



Ii&r< 



given angle C (see Jig, 8.) is less than the given side BC, ad- 
jacent to it (except the angle found*be exactly a right one) : 
for thei\^another right line Ba, equal to B A, may be drawn 
from B to a point in the base, somewhere between C and the 
perpendicular BD, and therefore the angle found by the pro- 
portion AB (aS) : sin. C : : BC : sin. A {or of CaB), may, 
it is evident, be either the acute angle A, or the pbtuseone 
CaB, which is its supplement, the sines of both being ex- 
actly the same. 

Having laid down the method of resolving the different 
cases of plane triangles, by a table of signs and tangents ; I 
shall here show the manner of constructing such a table, a^ 
the foundation upon which the whole doctrine is grounded ; 
in order to which, it will be requisite to premise the follow- 
ing propositions. 



PROPOSITION I. 



V 



The si7ie of an arch being given^ to find its cO'sihe^ versed 
sine^ tangent J cO' tangent^ secant^ and co-secant. 

Let AE (fig. 9.) be theproposetl arch, EF its sine, CF its 
co-sine, AF its versed sine, AT its tangent, CT its secant, 
DH its co-tangent, and CH its co-secant. 

Then {by 47. 1.) we have CF = the square root of CE* 
' — EF* ; whence, not only the co-sine CF, but also the 
versed sine AF, will be known. Then, because of the simi- 
lar triangles CFE, CAT, and CDH, it will be (by 4. 6.) 



OF SINES,' TANGENTS, AND SI 
1. CF : FE : : CA : ATj whence the 



2. CF : CE (CA) : 
known. 



3. EF : CF : : CD : DH ; whence 
known. • 



4. EF : EC fCD) t : CD ; CH ; whence the co-secant 
is known. - 



Hence it appears, 



1. That the tangent is a fourth proportional to the co-sine, 
the sine, and radius. 



2. That the sccanf is a third proportional to the co-sIne 
and radius. 



3. That the co-tangent is a fourth proportional to the 
line, co-sine, and radius. 



4. And that the co-secant is a third proportional to the 
sine and radius. 



5. It appears, moreover tbecause AT : AC ; : CD (AC) 
: DH), that the rectangle of -the tangent and co-tangent is 
equal to the square of the radius (iy 17. 6.): whence it 
likewise follows, that the tangent of half a right angle is 
equal to the radius; and that the co-tangents of any two 
different arches, represented by P and Q, are to one ano- 
ther, inversely as the tangents of the samfr arches: for, 
since tang. P x co-tang. P = squ. rad. = tang. Q X co' 



OF THE TABLE 



)Dg. P : co-t^g, Q ; : tvig. Q. ' 
tang. Q : : CO-tang. Q : tang. 



IP. II. 



^ ...I. „ ^i .... ^^ .^^.^,j,y.,-ent arches AB, AC, AD (6g. 
10.), it -will be, a* radius w to the co-sine of their com- 
moTi-Sfference BC or CD, so is the sine CF of the mean, to 
half the sum of the sines BE + DG, of the two extremes: 
and, as radius to the sine of the common difference, so 
is the co-sine FO of the mean to half the difference of the 
sines of the two extremes^ 

For let BD be drawn, intersecting the radius OC in m ; 
[Jso draw mn parallel to CF, meeting AO in n ; and BH 
and mv, parallel to AO, meeting DG in H and v. 

Then, the arches BC and CD being equal to |each odier 
{by hypothesis'), OC is not only perpendicular to the chord 

BD, but also bisects it (by 3. 3.), and therefore Bm (or 
Jim) will be the sine of BC (or DC), and Om iu co-sine: 
moreover mn, being an arithmetical vaOm h%tvretvi the smes 

BE, DG of the two extremes (because Bm = Dm) is there- 
fore equal to half their sum, and Dt> equal to half their dif- 
ference. But, because of the similar triangles OCF, Omn, 
and Hvm, 

lOC:D»i::FO:DvJ ^ 



OF SINES, TANGENT 



Because of the foregoing 
/ DG + BE \ _ Om X CF ^, 
I 2 / ~ OC ' 

5^^^^; and therefore DG 

2Dm X FO 



DG — BE = - 



OC 



COROLLAEV II. 

Hence, if the mean arch AC be supposed that of 60"; 
then, OF being the co-sine of 60% = sine 30° = J chord of 
60° = i OC, it is manifest that DG — BE will, in this 
case, be barely = Dm j and consequently DG = Dm + BE. 
Fi-om whence, and the preceding corollary, we have these J* 

two useful theorems. 



1. ^ the sine of the mean of three equidifferent arches 
(supposing radius unity) be multiplied by twice phe coc- 
aine of the cominon difference, and the sine of either extreiW 
he subtracted from the product^ the remainder will be the 
sine of the other extreme. 



' Note. , t»k«ii in a ecomwical seme, denote* i. fourth pro- 

oc , ° '^ 

panional to OC, Om, and Ct; but, arithmetieatly, it EigniRei the quan. 

tity atiung hy dividing the product of the measures of Om srad CF b/ 

that of OC. Undewtand the like of others. 



y 



OF THE TABLE 



ive 60 decreet, is'equal to fhe 
beloxu 60°, together with the 



'. III. 

small arch; suppose that of 



It is found, in p. 181 of the Elements*, that the length 
of the chord of ^ j of the semi -periphery is expressed by 
,00818121 (radius being unity); therefore, as the chords 
of very small arches are to each other nearly as the arches 
themselves (yid. p. 181), ive shall have, as ^^^ : ^^ : : 
,00818121 : ,008r26G24,thechordof-jf„orhalfadegree; 
whose half, or ,004363312, is therefore the sine of 15', very 
nearlj'. 

From whence the sine of any inferior arch may be found 
by bare proportion. Thus, if the sine of I' be required, it 
vill be 15' : 1' : : ,004363312 : ,000290888, the sine of the 
h of one minute, nearly. 

But if you would have the sine of I' more exactly deter- 
mined (from which the sines of other arches may be derived 
widi the same degree of exactness); then let the operations 
in p.,,181 be continued to 11 bisections, and a greater num- 
ber of decimals be taken ; by which means you will get the 



• The E'emenii of Geomttry published by the iime author ire hen 
feiTtJ to. The same conclusion is easily derived from the achdiui 
Prop. II, book 1, Supplement to Play fair's Geometry. 



OF SINES, TAKG 
chcTrd of ^ff pari of the 
you please: then, byproc 
sine oils'), the sine of 1' 
great degree of exactness. 



To show the manner of i 
canon. 

First, find the sine of an arch of one minute, by the pre- 
ceding Prop, and then its co-sine by Prop. I. which let be 
denoted by C ; then (fiy Theor: I. p. \ 7.) we shall have 

2C X sine 1 ' — sine 0' = sine 2'. 

2C X sme 2' — dne 1' = sine 3'. 

2C X sine 3' — sine 2' = sine 4'. 

2C X sine 4' — sine 3' = sine 5'. 

And thus are the sines of 6', 7', 8', &c. successively de- 
rived from each other. 

The sines of every degree and minute, up to 60°, bdpig 
thus found; those of above 60° will be had by addition 
only {Jrom Theor. 2. p. 18.); thy), the sines being all 
known, the tangents and secants will likewise become 
known, br/ Prop. 1. 

Note. If the sine of every 5th minute, only, be computed ■ 
according to the foregoing method, the sines of all the in- 
termediate arches may be had from thence, by barely taking 
the proportional parts of the differences, and that so near as 



F THE TABLE 

in each number; which is 

purposes. 



rto laid down for construct- 
is abundantly sufficient for 
isily demonstrated ; yet, as 
est are all derived, must be 
places, to render the nume- 
rous deductions from it but tolerably exact (because in 
every operation the error is multiplied), I shall here subjoin 
a different method, which will be found to have the advan- 
tage, not only in that, but in many other respects. 

First, then, from the co-sine of 15°, which is = ^VH + \/i* 
= ,965925826, &c.f, and the sine of 18% which is = |V| 
— ^ = ,309017, &c. (equal to half the side of a decagon 
inscribed in the circle), let the co-sine of 3°, the difference 



• The tide of a hexagon being equal to the radius of in circumscriiiing 
circle (13. 4.). " follows that the sine of 30° (radius being araXy) =i J, 
a^iis co-sine (VI — i) = JV^ '< whence (he verted sine of 130" 

* 2 ,4- v'3 

(1 -\- co-s. of 30") = — ~ — i consequently the co-aine of 15° = 



nP- 



-i^ {propA.p.Si^^hV^+^Z. 



f It appears {by II. 2. and 10. 4.) that if the side of an isosceles triangle, 
each of whose angles at the base isdoublethethirdangle, be = I, the base 
= Vj — i ; and if from the vertex of such a iriangle a perpendicular b* 
demiited on the base, the semibase is manifestly the sine of half the verii. 
cal anRle, that is, the sine of 18* =¥ iVl — i- 



or SINES-, TANGENTS, AND 21 

between 18° and 15° be found* ; from ■ of 

45' will be had, by two bisections only: whence the sines 
of all the arches in the progression 1° 30', 2° 15', o" OO', 
3° 45', &c. may be determined (/'(/ Theor. 1. p. If), and 
that to any assigned degree of exactness. 

The sines of all die terms of die progrejiion 45', 1° 30', 
2" 15', &c. up to 60% being thus derived, the next thing is 
to find, by the help of these, the sines of all the intermediate 
arches, to every single minute. 

This, if you desire no more than the 4 or 5 first places of 
each (which is exact enough where nothing less than de- 
grees and minutes is regarded), maybe effected by barely 
taking the proportional parts of the differences. 

But if a greater degree of accuracy be insisted on, and 
you would have a taiile carried on to 7 or 8 places, each 
number (which is sufficient to give the valueof an angle to 
seconds, and even to thirds, in most cases), then the opera- 
tion may be as follows : 

1°. Multiply the sum of the sines of any two adjacent 
terms of the progression 45', 1° 30', 2° 15', 3° OC, 3" 45', 
&c. (betwixt which you would find all the intermediate 
sines) by the fraction ,0000000423, for a first product ; and 
this, again, by 22, for a second product ; to which last let 
3^ of the difference of the two proposed sines (or extremes) 
be added, and the sum will be the excess of the first of the 
intermediate sines above the lesser e 



• Wrtf. The co.slne of ihe dilTereiico of two arches (suppoa ng i»diU! 
inity) ia found by adding the proJiict of their wn«s to that of their ro-sines 
IS is hettaftcr dfinonstratfd. 



TRUCTION OF THE TABLE 



2 KcesB let the first product be continually 

subtracted;! that is, first, from the excess itself; then from 
the remainder ; then froth the last remainder, and so on 44 



3°. Tc^h^esser extreme add the forementioned excess ; 
and to the sunladd the first remainder ; to this sum add 
the next remainder, and so on continually : then the several 
sums thus arising will respectively exhibit the sines of all 
the intermediate arches, to every single minute, exclusive 
of the last ; which, if the work be right, will agree with the 
greater exti-cme itself^ and therefore will be of use in prov- 
ing the- operation. 

But to illustrate the matter more clearly, let it be pro- 
posed to find the sines of all the intermediate arches between 
3° OO and 3° 45' to every single minute, those of the ex- 
- tremes being given, from the foregoing method, equal to 
,05233595 and ,06540312 respectively. Here, the sum of 
the sines of the extremes being multiplied by ,0000000423, 
the first product will be ,00000000498, Etc. or ,0000000050, 
nearly (which is sufficiently exact for the present purpose) ; 
and this, again, multiplied by 23, gives ,00000011 for a 2d 
product; which added to ,0002^03815, ^ part of the dif- 
ference of the two given extremes, will be ,0002904915, the 
excess of the sine of 3* 01' above that of 3° 00'. From 
whence, by proceeding according to the 2d and 3d rules, 
the sines of all the other intermediate arches are had, by 
addition and subtraction only. See the operation. 
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,000290 
,000000 



4915 excess -,05233595 sine S"* O' 
0050 ' . ,0002^04915 



4865 Ist, rem. ,0526264415 sine 3** 1 
50 2904865 



4815 2d. rem. ,0529169280 sine 3^ 2' 
50 29048 M 



4765 3d. rem. ^0532074095 sine 3° 3' 
50 2904765 



4715 4th. rem. ,0534978860 sine 3° 4' 
50 2904715 



wm 



O p.f 



4665 5th. rem. ,0537883575 sine 3° 5 
50 2904665 



4615 6th. rdm. ,0540788240 sine 3* 6' 
50 2904615 



4565 7th. rem. ,0543692855 sine 3^ 7' 
50 2904565 



4515 8th. rem.. ,0546597420 sine 3° 8' * 
50 2904515 



4465 9th. rem. ,0549501935 sine 3° 9' 
50 2904465 



4415 10th. rem. ,0552406400 sine 3^ 10' 



Again, as a second example, let it be required to find the 
sines of all the arches, to every minute, between 59° 15' and 
60** 00' ; those of the two extremes being first found, by the 
preceding method. In this case, the two extremes being 
,85940641 and ,86602540, their sum will be = 1,72543, &c. 
and their difference = ,00661 899 ; whereof the former, mul- 
tiplied by ,0000000423 (see the rule\ gives ,00000007298, 
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Sec. or ,00O00O07'3O, nearly, for the first product (which is 
exact enough for our purpose); therefore the 2d product, 
or ,0000000730 X 22, will be ,0000016060; which/added 
to -^-j of the difference, gives ,0001486947 ; from whenqe 
the operation will be as follows : 



,00014)86947 excess 
,0000000730 1st. prod. 



,85940641 sine 59° 15' 
0001486947 



86217 1st. rem. 
730 



,8595551047 sine 59** 16' 
1486217 



85487 2d. rem. ,8597037264 ^ine 59*' 17' 
730 1485487 



84757 3d. rem. ,859852S:751 sine 59° 18' 
730 1484757 



84027 4th. rem. ,8600007508 sine 59° 19' 
730 1484027 



83297 5th. rem. ,8601401535 sine 59° 20' 
7€0 1483297 



82567 6th. rem. ,8602974832 sine 59° 21' 

1482567 



l&c. 



,8604457399 sine 59"* 22' 
&c. 



After the same manner the sines of all the intermediate 
nrches between any other two proposed extremes may be 
derived, even up to 90 degrees ; but those of above 
60° are best found from those below, as has been shown 

elsewhere. 



'Hie reasons lipon which the foregoing operations are ' 
founded depend upon principles too foreign from the main 
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design of this tratlse to be explained Iierc (evejn wovdd 
room pennit) ; however, as to the correctness and utility of 
the method itself, I will venture to affirm, that, whoever has 
the inclination, either td calculate new tables, or to examine 
those already extant, will not find one quarter of the trouble 
this way as he unavoidably must according to the c 
methods. 



SPHERICAL TRIGONOMETRY. 



DEFINITIONS. 

1. A great circle of a sphere is a section of the sphere 
by a plane passing through the centre. 

2. The axis of a circle is a right line passing through 
the centre of the sphere, perpendicular to the plane of the 
circle ; and the two points, where the axis intersects the sur- 
face of the sphere, are called the poles of the circle. 

3. A spherical angle is the inclination of two great circlet. 

4. A spherical triangle is a part of the surface of the 
sphere included by the arches of three great circles ; which 
arches are called the sides of the triangle. 

5. If through the poles A andFCfig. ll.)of two great cir- 
cles DF and DA, standing at right angles, two other great 
circles ACE and FCB be conceived to pass,and thereby form 
two spherical triangles ABC and FCE, the latter of the tri- 
angles so formed is said to be the complement of the former; 
aad vice versa. 
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COROLLARIES. 

1. Ic is maiiikst .{from Def. l.)thal the section of two 
great circles (as it passes through the centre) will be a diame- 
ter of the sphere; and consequently, that their peripheries 
will always intersect each other in two points at the distance 
of a semicircle, or 180 degrees. 

2. It also appears (fromDcf.2.)\\iaX all great circles, 
passing through the pole of a given circle, cut that circle at 
right angles ; because they pass through or coincide with the 
axis, which is perpendicular to it. 

3. It follows morever, that the periphery of a great circle 
is everywhere 90 degrees distant from its pole j and that the 
measure of a spherical angle C AD*(fig. 12.) is an arijfa ^ a 

great circle intercepted by the two circles ACB, ADB form- 
ing that angle, and whose pole is the angular point A. For 
let the diameter AB be the intersection of the great circles 
ADB Jihd ACB {see Carol. I .), and let the plane, or great cir- 
cle, DEC be conceived perpendicular to that diameter, inter- 
secting the surface of the sphere in the arch CD ; then 
it is manifest that AD = BD = 90", and AC = BC = 90? 
(Corol. J.), and that CD is the measure of the angle DEC 
{or CAD), the inclination of the two proposed circles. 

4. Hence it is also manifest, that the angles B and E, (lig. 
11.) of thecomjjemental triangles ABC and FCE.are both 
right angles ; and that CE Is the complement of AC, CF of 

'Sate. Alihoa^ a spherical angle is, properly, the inclination of twogreai 
circlea, ^ it is commonly expressed by the inclination of their petiphciies 
^ at the point where (hey intersect eith othfer. 



<^ 
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BC, ngle F) of AB, and EF of ED (ar thb 

qngle A). 

THEOREM I. 

In any right-ang-ied spherical triangle tt will tie, as radius 
is to the sine of the angle at the base^sa is the si/ie of the Ay- 
pothenuse to the sine of the perpendicular ; and as radius to 
the co-sine of the angle at the base, so is the tangent of the 
hr/pothenuse to the tangent of the base. 

DEMONSTRATION. 

I Let ADLand AEL(fig. 13.)be twogreatcirclesof the 

sphere intersecting each other in the diameter AL, making 

I an angle DOE, meaiuied by the arch ED ; the plane DOE . 

being supposed [>erpendicular to the diameter AL, at the 
eentre O. 

^ Let AB be the base of the proposed triangle, BC the per- 

» pendicular, AC the hypothenuse, and BAC (or DAE = 

DE =^ DOE) the angle at the base : moreover, let CG be the 

f sine of the hypothenuse, AK its tangent, AI the tangent of 

the base, CH the sine of the perpendicular, and EF the sine 

of the angle at the base ; and let I, K and G, H be joined. 

j Because CH is perpendicular to the plane of the base {or 

paper\ it is evident, that the plane GHC will be perpendicu- 
lar to the plane of the base, and likevise perpendicular to the 
diameter AL, because GC, being the sine of AC, is perpen- 
dicular to AL. Moreover, since both the planes OIK and 
AIK are perpendicular to the plane of the base <^r paper), 
their intersection IK will alio be perpendicular to it, and con- 
sequently the angle AIK a right angle. Therefore, seeing 
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the angles OFE,GHC,«nd AIK arc aUri that 

the planes of the three triangiesiOFE, GHC, and AIK are 
all perpendicular to the diameter AL, we shall, l>y similar 
triangles, , 

COE:EI'::GC:CH> 

naVe < y 

iOE:OF;: AK:AI S 

fRadiua : sine of EOF (or BAC) : : sine of 



that is, 



J AC ; sinelof BC. 
i Radius : co-Bine of EOF {or BAC) : 
L AC : tang. AB. % E. D. 



COROLT.ARY I. 

' Hence it follows, that the sines of the angles of uiy oblique 
spherical triangles ADC are toone another, directly, as the 
sines of the opposite sides. 

For let BC (fig. 14.) be perpendicular to AD ; 
then C radius : sine A : : sine AC : sine BC "i 
since \ ratUus : sine D : : sine DC :- sine BC 5 
erpart of the theorem ; we shall have, sine A X sine AC (= 
radius x sine BC) = sine D x sine DC (by 16. 6.), and con- 
sequently sine A : sine D : : sine DC : sine AC ; or sine A : 
sine DC ; : sine D : sine AC. 

■ . ' COROLLARY 2. 

It follows, moreover, that, iii "right-angled spherical tri- 
angles ABC, DBG, having one leg BC common, the tan- 
gents of the hypothenuses are to each other, inversely, as 
the co-sines of the adjacent angles. 
For C radius : co-sine ACB :: tan. AC : tan. BC J 
ainee ? radius: co-sine nCB :: tan. DC: tan. BC \ ' 
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In) \ of the theerem:: we rfwjU'-(-*y o^gwng as 

abooi) hav« co-*ine ACB : ca-une DCfi : t mng. DC : twg. 
AC. 



THEOREM II. 

Inany right'Ongled tpherical triasgU (ABC) (fig. II.) 
it -will be, as radius is to the co-fine of one leg, so is the co- 
sine of the other kg to the co-sine of the hypothemtse. 



Let CEFbethe complemental triangle to ABC, accord- 
ing to what has been already specified ; then it will be {by 
Theor. t. Case I.) 
.. Radius : sine F : : sine CF : sine CE ; that is, 
^- Radius : co-sine BA : : co-sine CB ; co-sine AC {see 
Car. 4. p. 27.) % E. D. 

■■■•■■ COaOLLARY. 

Hence, if two rig^it-an^d spherical triangles ABC, CBO 
(fig. 14.) have the same-Jterpendicular fiC, the co-sines of 
their hypothenuaes will he to each other, directly, as the 
co-sines of their bases. 

For C rad : co-sin. BC : : co-iin. AB : co-sine AC, 
since I rad : co-sin. BC : : co-sin. DB : co-sine DC, 
therefore, by equality and permutation, co-sine AB : co-sine 
DB 1 : co-sine AC : co-sine DC. 
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THEOREM III. 

\ 
' / 

In any right-angled sphisrical triangle (ABC) (fig. 11.) 
it will be J as radius is to the sine of either angle^so is the cO' 
sine %f i^ie edjdccfit leg to thecd-iine of the opposite angk. 

DEMONSTRATION. 

LetCEF be as in the preceding prnpoeitkn; then, . 
by Thnor. It Case U it will be, radiUs : sine G i : ^fie CF : 
sine EF* ; that id, radius : sine C : : caoskie SC : co-sine 
A. ^ E. D. 

COROLLARY. 

Hence, in right-angled spherical triangles ABC, CBD-, 
having the same perpendicular BC (fig. 14.), the co-sines of 
the angles at the base will be to each other, directly, as the 
sines 6f the vertical aogks s 

For ' <C Radius :' sine BCA : : i^o-sine CB : co-sine A, 
since (. radius : sine BGD : : tb-sine CB : co-sine D> 
therefore, by equality and permutation^ i 

Co-sihe A : co-«ine D : : sine BCA : ^itie BCD. > 



THEOREM IV. 

In any right-angled spkerieal triangle (ABC) (fig. 1,1.) 
it will be J as radius is to the sine of the base^ so is the tangent 
of the angk at i^ehase to f he tangent of the perpendicular. 

For, supposing CEF as before, 

It wift be, as radkis : co-sine of F : : tang. CF : tang. FE 
(by the latter part of Theor. 1.) ; that is, radius : sine AB : : 



y 



i^ 




3:^ W SPH£RICAL TRIGONOMETRY. 



co-tang. BC : co-tang. A.: : tang. A : tang. BC (by CoroL 
. 5. p. 15.) ^ E. D. 

COROLLARY. 

Hence it follows, that, in right-angled spherical triangles 
ABC, DBC(fig.l4.), having the same perpendicular BC, the ] 

sines of the bases will be to each other, inversely^ as the tan- 
gents of the angles at the bases : 

For C radius : sine AB : : tang. A : tang. BC 
since \ radius : sine DB : : tang. D : tang. BC 
we shall {by reasoning' as in Cor. 1. Theor. 1.) have 
Sine AB : sine DB : : tang. D : tang. A. 



THEOREM V. 

In any right-angled spherical triangle it will be j as radius 
is to the cO'Sine of the hypothenuseyso is the tangent oj' either' 
angle td the co-tangent of the other angle* 

For, CEF (fig. 11.) being as in the last^ it will be, as ra- 
dius : sine CE : : tiuig. C : tang. EF {by Theorem 4.) ; that 
13, radius : co-sine AC : : tang. C : co-tang. A. ^ £• jD. 



LEMMA. 

As the sum of the sines of tyjo unequal arches is to tlieir 
difference^ so is the tangent of half the sum of those arches 
to the tangent of half their difference : and^ as the sum of^ 
the co-sines is to their differencey so is the co-tatigent of half 
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I 

the sum of the arches to the tangent of half the difference of 
the same arches. , 

For, let AB and AC (fig. 15.) be the two proposed arches, 
ihd let BG and CH be their sines, and OG and OH their 
co-sines : moreover, let the arch BC be equally divided in 
D, so that CD may be half the difference, and AD half 
the sum, of AB and AC : let the radii OD and OC be 
drawn, and also the chord CB, meeting OE in E and OA 
produced in P ; draw ES parallel to AO, meeting CH in 
S, and EF and OK perpendicular to AO, and let the latter 
meet EC produced in I ; lastly, draw QDK perpendicu- 
lar to OD, meeting OA, OC, and QI produced in Q, L, 
and K. 

Because CD = BD, it is manifest that OD is not only per- 
pendicular to the chord BC, but bisects it in E ; whence, 
also, EF bisects HG ; and therefore CH + BG = 2EF, and 
CH — BG = 2CS ; also OG + OH= 20F, and OG — 
OH = 2HF : but 2EF (CH + BG) : 2CS (CH — BG) : : 
EF : CS : : EP : EC {by 4. 6.) : : DQ (the tangent of AD) 
: DL (the tangent of DC). And 20F (OG + OH) : 2HF 
(OG — OH) : : EI : EC : : DK (die co-tang, of ADj : 
DL (the tang. DC). % E. D. 



THEOREM VI. 



In any spherical triangle ABC (fig. 16.) it will be^ as the 
co'tangent of half the sum of the two sides is to the tangent of 
hfflf their difference^ so is the co-tangent of half the base to 
the tangent of the distance (DE) of the perpendicular from 
the middle of the basr. 




54 SPHERICAL TRIGONOMETRY. 



DEMONSTRATION. 

Since co-sine AC : co-sine BC : : co-sine AD : co-sine BD 
{by Cor* to Tlieor. 2.) ; therefore, by composition and divi- 
sion, co-sine AC + co-sine BC : co-sine AC — co-sine BC 
: : co-^ne AD -f- co-sine BD : co-sine AD — co-sine BD. 
^\xt (by the preceding lemma) co-sine AC-fto-sine BC : 

AC -J- BC 

co-sine AC — co-sine BC : : co-tang. i : tang. 

-; and co-sine AD 4- co-sine BD : co-sine AD 

2 

*— co-sine BD : : co-tang, of AE f i j : tang. DE 

/AD-.BD\ , u V ACh-BC 
I 1 ; whence, by equality, co-tang. — ^-^ 

A C , Rf^ 

: tang. : : co-tang. AE : tang. DE. 



COROLLARY. 



Since the last proportion, by permutation, becomes co- 

AC + BC .^ , AC — BC 

tang. ' : co-tang. AE : : tang. : tang. 

DE, and it is proved, in p. 15, that the tangents of 
any two arches are, inversely, as their co-tangents ; it 

AC 4- BC 

follows, therefore, that tangent AE i tangent "^ 

AC — BC 

: : tang. : tang. DE ; or, that the tangent of half 

the base is to the tangent of half the sum of the sides ^ as f/ie 
tangent of half the difference of the sides to the tangent of 
the (lutance of the perpendicular from the middle of the base. 
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THEOREM VII. 

In any spherical triangle ABC (fig. 16.), it willbey as the 
co-tangent of half the sum of the angles at the base is to ike 
tangent of half their difference^ so is the tangent of half the 
vertical angle to the tangertf of the angle which the perpen- 
dicular CD makes with the line CF bisecting the vertical 
angle* * - ' 

DEMONSTRATION. 



It will be (by Cor. to Theor* 3.), co-sine A : co-sine B 
: : sine ACP : sine BCD ; and therefore, co-sine A -f- co- 
sine B : co-sine A — co-sine B ; : sine ACD -f- sine BCD 
: sine ACD — sine BCD. But [by the lemma) co-tang. 

B + A _ B — A /A • T^ 

: tarig. — ^ : : (co-^me A -f- co-sme B : co-sme 

A — co-sine B : : sine ACD -f- sine BCD : sine ACD — 
sine BCD) tang. ACF : tang. DCF. ^. E. D. 



3G 
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The solution of the cases of right-angled spherical triangles^ 

Figure 17. 



U 

• 

I 

2 

(■% 
*> 

4 


Grven 


Sought 


Solution. 


The hyp. 

AC and one 

angle A 


The oppo- 
site leg BC 


As radius : sine hyp. AC : : 
sine A ; sine BC {dy t/ie/or- 
mer part of 2'heor* 1.) 


The hyp. 

AC and one 

angle A 


The adja- 
cent leg AB 


As radius : co-sine of A : : 
;ang. AC : tang. AB {by tht 
latter part of Theor, 1.) 


The hyp, 

AC anil one 

angle A 


1 

The other 
•■" angle C 


As radius : co-sine of AC 
:': tang. A : co-tang. C {by 
Theor. 5.) 


The hyp. 

AC and one 

leg AB 


The other 
leg BC 


As co-sine AB : radius : : 
co-sine AC : co-bine BC {by 
Theor, 2.) 


5 
6 

7 
8 


I'he hyp. 

AC and one 

kg AB 


The opi)o- 

site angle 

C 


As sine AC : radius : : sine 
AB : sine C {by the former 
part of Theor, 1 .) 


The hyp. 

AC aiui one 

leg AB 


The a( ja- 
cent angle 
A . 


As tang. AC : tang. AB : : 
radius : co-sine A (by Theor. 


One leg 

AB and iht 

adjacent 

angle A 


The other 

leg b;: 


As radius : sine AB : : tan- 
gent A : tangent BC (by 
Theor. 4.) 


One leg* 

AB and tht 

adjacent 

angle A 


The oppo- 
site angle 
C 


As radius : sine A :: co- 
sine of AB : co-sine of C (by 
Theor, 3.) 

■ 
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a 



10 



II 



1'^ 



13 



14 



15 



16 



Given 



One leg 

AIJ and tht- 
adjacent 
angle A 



One leg 

BC and the 

opposite 

angle A 



One leg 

BC and the 

opix)site 

angle A 



One k*g 

BC and the 

opposite 

angle A 



Both lees 



.•^ 



AB and BC 



Both legs 
AB and BC 



Both angles 
A and C 



Both angles 
A andC 



Sought 



The hyp. 
AC 



The other 
leg AB 



The adja- 
cent angle 



The hyp. 
AC 



The hyp. 
AC 



An angle, 
suppose A 



A leg, 

suppose 

AB 



The hyp. 
AC 



Solution. 



As co-sine of A : radius : : 
tang. AB : tang. AC {by 
T/ieor, I.) 



As tang. A : tang. BC : : 
radius : sine AB {by Theor 

4.) 



As co-sine BC : radius : : 
co-sine of A : sine C {6i 
Thtor. 3.) 



As sine A : sine BC : : radium 
: sine AC {by Thcor. I.) 



As radius : co-sine AB : : 
co-sine BC : co-sine AC {b: 
Theor. 2.) 



As sine AB : radius : : tang. 
BC : tang. A {by Thtor. 4.) 



As sine A : co-sine C : : ra 
dius : co-sine AB {by Theor. 
3.) 



As tang, A : co-tang. C : : 
radius : co-sine AC {by 
Thtor. 5.)' 



JVore. The 1 0th, 11th, and 12th cases are ambiguous; since 
it cannot be determined, by the data, whether AB, C, and AC 
be greater or less than 90 degrees each. 
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I 



In every right-angled spherical triangle there are five 
parts, susceptible of different values, viz. ^he legs, the ob- 
lique angles, and the hypothenuse. Now the legs them- 
selves, the complements of the oblique angles, and the com- 
plement of the hypothenuse, are- called the circular parts^ as 
they fcJlow each other round the triangle. Of these, any 
one being assumed as the middle part^ those nearest to it are 
called the adjacent extretnesy and the other two opposite ex- 
tretnes. 



\ 



Baron Napier, the inventor of logarithms, discovered 
two theorems, by which all the cases of right-angled sphe- 
rical triangles may be solved ; and which, being easily re- 
membered, are frequently used in practice. 



' Theor. 1. The rectangle of radius and the sine of the 
middle part is equal to the rectangle of the tangents of the 
adjacent extremes. 

Theor. 2. The rectangle of the radius and sine of the 
middle part is equal to the rectangle of the co-sines of the 
opposite extremes. 

The following table exhibits the different cases and the 
correspondent equations arising from these theorems. 



\ 
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o 

1 

?> 

1 

2 


Mid part. 


Adjacent 
extremes 

Comp. A 
BC 


Opposite 
extremes. 


■1 1 ... 

Equations. 


AB 


Comp C 
Comp. AC 

Comp A 
Comp. AC 


r.Xs.AB— ^^^ XS.AC 


BC 


Comp. C 
AB 


r. xsJJU— ^3 AXS.AC 


3 
4 
5 


Comp. A 


Comp AC 
AB 

Comp. AC 
BC 

Comp. A 
Comp. C 


Comp. C 
BC 


r.Xcos.A-J-x'^col.'Bi^^ 


Comp. C 


Comp. A 
AB 

AB 
BC 


'•X-C={-AC^-/C 


Comp. AC 


.Xcos.AC«J-^3><,~^C^C 



DEMONSTRATION* 



6a*e« 1, 2. Making AB the middle part. 



As rad. : sine AB : : tang. A : tang. BC (Theor. 4.); 

whence, by inversion and alternation, sine AB : tang. BC 

: : rad. : tang. A : : co-tang. A : radius (Cor. 5. Prop* 1.); 

consequently r. X sine AB = co-tang. A x tang. BC. 
« 

Again, r. : sine C : : sine AC : sine AB (Theor. 1.); 
whence r. x sine AB = sine C X sine AC. 



In the same manner the theorems may be proved when 
BC is made middle part. 

Cases 3,4. Making the complement of A middle part. 

rAs rad. : co-sine A : : tang. AC : tang. AB (Theor. 1.); 
and, by inversion and alternation, co-sine A : tang. AB : : 
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rad- : tang. AC : : co-tang. AC : rad. {Cor^ 5. Prop. 1.) ; 
V hence rad. X co-sine A = co-tang. AC X tang. AB. 

Again, rad. : sine C : : co-sine BC : co-sine A {Theor. 
3.) ; whence rad. X co-sine A =?: sine C x co-sine BC. 

In like manner the theorems may be proved when the 
complement of C is middle part. 

Case 5. Complement of AC middle part. 

As rad. : co-sine AC : : tang. A : co-tang. C (JFIieor. 5.); 
whence, by inversion and alternation, co-sine AC : co-tang. 
C : : rad. : tang. A : : co-tang. A : rad. (Cor. 5. Prop. 1.) ; 
consequently rad. X co-sine AC = co-tang. A x co-tang. C. 

Again, i-ad. : co-sine AB : : co-sine BC : co-sine AC 
{Theor. 2.), and therefore rad. X co-sine AC = co-sine AB 
X co-sine BC. 

When any two of these circular parts are given to find a 
third, we mast assume such one middle part as will make the 
other two eidier both adjacent or both opposite extremes. 
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The solution oj the cases of oblique spherical triaugles. 

Figures 16, 18. 



S 
<% 



Giren 



Twosides AC, 
Be, and an an < 
glc A opposite* 
to one of them 



Twosides AC, 
BC, and an an- 
gle A opposite 
to one of them 



The included 
angle ACB 



Twosides AC, 
BC, and an an. 
gle opposite to 
one of them 



Two sides AC, 
AB,andtliein. 
eluded angle A 



Twosides AC, 
AB,and the in- 
eluded angle A 



7 



Two angles A, 
ACB, and the 
side AC be- 
twixt them 



Two angles A, 
ACB, and the 
side AC be 
tvvixt them 



1 



Sought 



The angle B 

(^posite to 

the other 



Solution. 



As sine BC : sine A : : sine AC : siite 
B {by Cor. 1. to Theor. 1.) Note. This 
case is ambiguous when BS is less than 
AC; since it cannot be determined from 
the data whether B be acute or obtuse. 



Upon AB produced (if need be) let fall 
the perpendicular CD; then (f^ Theor, 
5.) rad. : co-sine AC : : tang. A : co- 
tang. ACD ; but {by Car. 2. to Theor. 1.) 
as tang BC : tang. AC : : co-sine ACD 
: CO sine BCD. Whence ACB =b 
ACD + BCD is known. • 



The other 
sideAB 



The other 
sideBC 



Either of tlte 

other angles, 

sup()09e B 



The other 
angle B 



Either of the 
other sides, 
suppose BC 



As rad. : co.sine A : : tang. AC : tang. 
AD (^ Theor. 1.); and {by Cor. to Theor, 
2.) las co-sine AC : co-sine BC : : co 
sine AD : co-sme BD. Note. This s^nd 
the last case are both ambiguous when 
the first is so. 



As rad. : co-sine A : : tang AC • tang 
AD {by Theor. 1.) ; whence BD is also 
known; then {by Cor. to Theor. %') as 
co-sine AD : co.sine BD : : co-sine AC 
co-sine BC. 



itoi_i 



As rad. : co-sine A : •* tang. AC : tang. 
AD {by Tlieor. 1.); whence BD is 
known ; then {by Cor. to Theor. 4 ) as 
sine BD : sine AD : : tang. A : tang. 
B. 



As rad. : co sine AC : : tang. A : co- 
tang. ACD {by Theor. 5.); whence BCD 
is ^so known ; then {by Cor. to Theor. 
3.) as sine ACD : sine BCD : : co-sine 
A : co.sine B. 



As rad. : co-sine AC : : tang. A : co- 
tang. ACD {by Theor.S.j; whence BCD 
is also known ; then as co-sine of BCD 
: CO sine ACD : : tang. AC : tang. BC 
{by Cor. 2. to Theor. 1.) 
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o 

p 
r»1 



Given 



Sought 



Solution. 



8 



Two angles A, 
B, and a side 
AC opposite to 
one of them 



The side BC 

opposite the 

other 



10 



11 



Two angles A.'The side AB 
B, and a side betwixt them 
AC opposite to 
one of them 



Two angles A, 
B, and a sid<e 
^C opposite to 
one of them 



The other 
angleACB 



All the three 
sides AB, AC, 
andBC 



12 



All the three 
angles A, B, 
and ACB 



An angle) 
suppose A 



A side, sup. 
pose AC 



As sine B : sine AC : : sine A : sine 
BC {by Cor. 1. to Theor. 1.) 



As rad. : co-sine A : : tang. AC : tang 
AD (Ay Theor. 1.); and as tang. B : 
tang. A : : sine AD : sine BD (by Cor. 
to Theor. 4.); whence AB is also known. 



As md. : co-sine AC : : tang. A : co- 
tang. ACD (by Theor. 5.); and as co 
sine A : co-sine B : : sine ACD : sine 
BCD (by Cor. to Theor. 3.)» whence 
ACB is also known. 



AC -4- BC 

As tang. JAB : tang. JL : 

■A.C — BC __ _ , J. 

tang. 5~ • **ng- I^E, the dis- 

tance of the perpendicular from the mid- 
dle of the base (by Car. to TJiear. 6.) ; 
whence AD is known ; then, as tang. 
AC : tang. AD : : rad. : co-sine A (by 
Theor. 1.) 



ABC+A ABC— A 
As co-tang. •^ — : tang. 



ACB 

: tang — - — : tang, of the angle inclu- 

At 

ded by the perpendicular and a line bi- 
secting the vertical angle; whence ACD 
is also known ; then (by Theor. 5.) tang. 
A : co-tang. ACD : : rad. : co-sine AC. 



Note. In letting fall your perpendicular, let it always be from the end of 
a given side and opposite to a given angle. 



Of the Nature and Construction of Logarithms^ with 
their application to the doctrine of Triangles. 



AS the business of trigonometry is wonderfully fa- 
cilitated by the application of logarithms ; which are a set 
of artificial numbers, so proportioned among themselves and 
adapted to the natural numbers 2, 3, 4, 5, &c- as to perform 
the same things by addition and subtraction, only^ as these 
do by multiplication and division : I shall here, for the sake 
of the young beginner (for whom this small tract is chiefly 
intended), add a few pages upon this subject* But, first of 
all, it will be necessary to premise something, in general, 
with regard to the indices of a geometrical progression, 
whereof logarithms are a particular species. 

Let, therefore, 1, a, a*, a^, a^, a', a^, a^, &c, be a geome- 
trical progression, whose first term is unity, and c6mmon 
ratio any given quantity a* Then it is manifest, 

1. That the sum of the indices of any two term^ of the 
progression is equal to the index of the product of those terms. 
Thus 2 + 3 (5) is = the index of a* X a^, or a^ j and 3+4 
(= 7) is = the index of a^ X a^^ or a^. This is universally 
demonstrated in p. 19 of my book of Algebra. 

2. That the difference of the indices of any txvo terms of 
the progression is equal to the index of the quotient of one of 
them divided by the other. Thus 5 — 3 is = the index of 



I 



i 
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- or ^. VV*hich is only the conveFse ©f the preceding ar- 
tide. 



3. That the product of the index of any term by a given 
number (n) is equalto the index of the power whose exponent 
is the scud xtumher (n). Thus 2 X 3 (6) is = the index of 
a^ raised to the third power (or «^). This is proved in p. 
43, and also follows from article 1. 

4» That the quotzeiit of the index of any term ofthepro^ 
gression by a given number (n) is equal to the index of the 
root of that term defined by the same number (n). Thus -I 
(2) is = the index of (a^) the cube root of a*. Which is 
onlv the converse of the last article. 

, These are the properties of tho indices of a geometrical 
progression ; which being universally true, let the common 
ratio be now supposed indefinitely near to that of equality, 
or th© excess of a aboye unity, indefinitely little ; so that 

^some term or other of the progression 1, a, a^, a*, a*, a*, &e« 
may be ^ual to, or coincide with each term of the series 
of natural numbers, 2, 3, 4, 5, 6, y, &c- Then are the in- 
dices of those terms called logarithms of the numbers to 
which the terms themselves are equqL Thus, if a^ = 2, and 
flk^ = 3, then will m and n be logarithms of the numbers 
2 and 3 respectively. 

Henee it is evident^ that what has been abov^ specified^ in 
relation to the properties of the indices of po%vers^ is equally 
true in the logarithms of numbers ; since logarithms are 
ITOthing nYbre than the in,di.ces ©f such {powers as agr^e in 
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value with those numbers. Thus, for iastatice, if Aq loga- 
rithms of 2 arid 3 be denoted by m and n; that is, if </'» = 2, 
and a» = 3, then will the logarithm of 6 (the product of 2 
and 3) be equal to m -f n (agreable to article 1.) ; because 

2x3(6)=ra»xa"=o"'+". 

But we fnu9t now observe, that there are various forme 
or species of logarithms ; because it is evident that what has 
been hitherto said, in respect" to the properties of indices, 
holds equally true in relation to any equimultiples, or like 
parts, of them ; which have, manifestly, the same properties 
and proportions, with regard to each other, as the indices 
themselves. But the most simple kind of all is Napier\ 
otherwise called the hyperbolkaL 

The hyperbolical logarithm of any number is the index of 
that term of the logarithmic progression agreeing with the 
proposed number^ multiplied by the excess of the common ra» 
iio above unity. 

Thus, if e be an indefinitely small quantity, the hyperbo- 
lic logarithm of the natural number agreeing with any term 

of the logarithmic progression 1, 1+^, 1+^1' 

1 + e I , 1+^1*, &c. will be expressed by ne. 



i 



PROPOSITION I. 



The hyperbolic logarithm (L) of a number being gtven, 
to find the number itself, annoering thereto. 
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Let 1 + ^ l" be that term of the logarithmic progression 
1, 1 +e?|S 1 + eYy 1 + ^T» 1 + ^Ti Site, which is equal to 
tlie reqiured number (N). Thdi, because 1 + e]" is, uni- 
versally, ::=:! +ne + n. .e^ + n* ■ ■ .■ • "7" • ^» 

&c. we shall, also, have 1+ne + n • — - — .e^ .+n . — - — 

2 2 

72 •— 2 

. — - — . e^, &c. = N. But, because n (from the nature of 

logarithms) is here supposed indefinite!}'^ great, it is evident, 
first, that the numbers connected to it by the sign — ma^ 
be rejected as far as any assigned number of terms being 
indefinitely small in comparison of tz; it is ako evident, that 
they may be rejected in all the rest of the terms of the 
series ; because these terms (by reason of the indefinite 
smallness of e) bear no assignable proportion to the preced- 

ing ones. Hence we have 1-une 4 \ 1 , &c. 

^ ^ ^ 2 ^ 2.3 ^2.3.4' 

= N : but Tie is (= L) the hyperbolic logarithm of 1 + e |* 
(or N) by what has been already specified : therefore 1 + L 



PROP. II. 

To determine the hyperbolic logarithm (L) of any given 

number (N). 

It appears from the preceding prop, that 1 + L,+ 

L* L^ . 

•g- + ,7^^ &c. is = N : therefore, if ;v + 1 be put = 
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T 2 T 3 T 4 

N, w€ shall have L + U — + , &c. = x; 

2 ^ 2.3 ^ 2.3.4 

and, consequently, by reverting the series, L = ;c — 
2 3 4 5 6 ^^ 



OTHERWISE. 



Because l + e* J" = N (by the definition of logarithms), 

i 

we shall have 1 +tf=N'* = l+ x]""; by puttmg l+x = 

N, and m = — . Therefore, f+l?]'" being = 1 + wa? + 

W2 — I „ , w — 1 m — 2 , o I. 

m . . A* + iw • • . x^^ &c. we have e = 

2 2 3 

wjf + m • . x^ + m . . . x^^ &c. where, 

2 2 3 ' ' 

tn being rejected in the factors wi — 1, wi — 2, wi — 3, &c. as 

indefinitely small in comparison of 1, 2, 3, &c* the eqtiation 

•ti 1 ntx^ . mx^ mx* © i ^ 

will become e = mx — 1 , &c. whence — 

2^3 4 ' m 

X^ «L 3 j»4 tk^S 

(=z n^ = L) = x* — — -I 1 — , &c. the very same as 

<i^ o 4 D 

before. 



But this series, though indeed the most easy and natural, 
is of little use in determining the logarithms of large num- 
bers ; since, in all such cases, it diverges, instead of con- 
verging. It will be proper, therefore, to give here the in- 
vention of other methods, which authors have had recourse 
to, in order to obtain a series that will always converge. 



I 
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First, then, let the number whose logarithm you would 

find be denoted by ; where it is manifest (howeyer 

1 -~ At 

great that number may be) xi/vill be always less than anit}"i 

moreover, let i~+T|" (as before) be the term of the loga- 
rithmic progression agreeing with the proposed number, or, 

which is the same, let t + e |" = : then, by taking 

^ the root on both sides, we shall have 1 + e = = 

1 — x\'^ 

X 1 \ 

l^^xl "= 1 — A^I* (by making m «= ) =: 1 ~ 

n / 

m — l.« w»—- Iw — 2,rt - 

Tnx + m • •— ^^— • ^ — »i * — r — • — z — • A t &c. whera . 

m being rejected inthe- factors m--^l, m — 2, &c (as be- ^ '. 
fore^)> our equation will become 1 + ^ = 1 — mx '• — 

mx^ mx^ p^ , %*^.^.^« <? 

-r r ,&C. whence at -1 1- — -I — « kc. =— ^ — = ne 

% 3 ' , ^ ^3 ^ 3. 4' -^^ .. 

. 1 
35 tjxe hyperbcJic logarltlim of . Which series, it iss • 

- 1 

manifest, will always converge,let the vaJue of be ever 

1 -*- X" 

so great ; because x will be always less than unit}-. 

' But it is further observable, diat this series has exactly the 

same form^ except in its signs, with that above for the lo- . 

gariihm of 1 + at »* and that, if they be added together, the 

2^"^ 2a;' 2jc^ 
series 2a? -f — + f- — — , &c. thence arising, will be 

more simple than either of them, since one half of the 
terms will be entirely destroyed thereby. Therefore, be- 
cause the sum of the logarithms of any two numbers is equal 



; 
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to the logarithm of the product of those numbers {see Arti- 
tick 1.), it is manifest that 2x + 1 , &c. will truly 

1 -f* A* 1 - 

express the logarithm of , or x X +x. Which 

x^ x^ 
series converges still faster than x -^ — H — > ^c* ^ot only 

^ «> 

because the even powers are here destroyed, but because x^. 

in finding the logarithm of any given number (N), will 

have a less value. But now, to determine what this value 

must be, make = N, and then x will be found = 

l—x ' 

N 1 /P\ 

«^ ; but if the quantity proposed be a fraction (tj), in- 

P 1 4- jc 
stfead of a whole number, make -j- =; -~ — , and you will 

H 1 — X 

have X == -: ^ : either of which values, substituted in the 

P +Q 

foregoing, series 2x H 1 , &c» will give the hyper- 

3 5 

bolic logarithm of the respective number. 

Example. Let it be proposed to find the hyperboBc 
logarithm of the number 2. 



2 — 1 

Here, x being = -^ = |, and a:* = ^ ; We shaU 



have 



X (=i) = ,333333333, &c. 
x^l:s:^x) =s ,037037037, &c. 
x^ (= ix^) = ,004115226, &c. 
x' (= ^Jc^sr ,000457247, &e. 

G 




■ 
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a:' (=^x'') = ,000050805, *cc. 
.\ 1 1 (= |x» j = ,000005645, *LC. 
x^^ (= I vi»)=, 000000627, &c. 
x^' (=|a*i 3)= ,000000069, &c. 

Which values being respectively divided by the numbers 
1, 3, 5, 7, 9, &c. and the several quotients added together 
(see the gener^ai series)^ we shall have ,346573590, &c. 
whose double, being ,693147180, &c. is the hyperbolical 
logarithm of the number 2. 

After the very sanfie manner the hyperbolic logarithm of 
any other number may be determined; but, as the series 
converges, slower and slower, the higher we go, it is usual, 
in computing of tallies, to derive the logarithms we would 
find, by help of others already known ; for which there are 
various methods ; but the following is the most commodious 
and simple that has occurred to me, especially when a great 
degree of accuracy is required. 

It IS thus. Let fl, ^, and c denote any three numbers in 
arithmetical progression, whose common difference is unity ; 
then, a being = ^ — 1 and c = ^ + 1, we shall have ac = b^ 

l^ ac -^1 
^-^ 1, and consequently — -:^ . Whence,' by the na- 
ture of logarithms, we likewise have 2 log. b — log. a — 

, ■ ac -f 1 , . ac -^1 l-^-x r 

log- c = log. ; and puttmg = , we have 

X =. ; which value being substituted for x in the ce- 

neral series (^x + — 1 , &cO the hvp. leg. of - — -—- 

3 5 ' av 
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will be obtained ; which being denoted by S, we shall 

have 




» As an example hereof, let it be proposed to find the hy- 
perbolic logarithm of 3. 

Then the hjrpetbolic logarithm of 2 being already found 
= ,693 1471 80, &c. that of 4, which is the double thereof, 
will also be known. Therefore, taking a = 2, ^ = 3, and c 

= 4, we shall, in this case, have ^c ( — | = -V* x^ =3 

^-J-j-: whence 

a;(=^V) = ,058823529, &c. 

^^ C= ~1 = ,000203542, &c. 
289/ ' 

a:^ C=-^) = ,000000704, &c. 
^ 289/ ' 

&c. &c. 

Therefore ^S (:j^ + -^ + 4' ^^0 = ,058891517, &c. and 

o 5 

consequendyhyp.log.3. /^^ ^^r- 2 -f ^^^A %■ 4. ^ ^g^ 
= 1,098612288, &c. 



c \ 



. 2. Let the hyberbolic logarithm of 10 be required. 

The logarithms of 8 and 9 being given, from those of 2 
and 3, already found, a may, here, be = 8, ^ = 9, and c :5 

1 0; and then .V (--; ) being = ^ --, we shall have 4S 

\2^c +i/ ^ 161 ■ 



\ 
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(jc + — + — , &c.) = ,00521 1 1 80, &c. + ,000000079, &c 
&c =: ,006211259, Ac. 

And therefore log. 10 (2 log. 9 — log: 8 — S) = 
2,302585092, ^. 

Hidierto we have had regard to logarithms of the h^^per* 
bolic kind : but those of aay other kind ma^ be derived 
from these,' by hardly multiplying by the proper mukiplica- 
tor, or modulus. 

Thus, in the Brigean or common form, where a unit is 
assumed for the logarithm of 10, the l<^;arithm of any num- 
ber will be found, by multiplying the hyperbolk logarithm of 
the same number by the fraction ,434294481, &c. which is 
the proper modulus of this form* 

For, sii^e the logarithms of all forms preserve the same 
proportion with respect to each other, it will be, as 
2,302585092, &c. the hyperbolic log. of 10 above found is to 
(HJ the hyperbolic logarithm of* any other number, so is 1, 

(H \ 
1 H X 
2,302585092, ^-y 

,434294481, &c« the common logarithm of the same number. 

But, to avoid a tedious multiplication, which will always 
be required when a great degree of accuracy is insisted on, 
the best way to find the logarithms of this form is from the 

2ir^ 2^ • 

series 2a: + — +—-,&c.x 0,43429448 1, Alc. which ex- 

presses the common logarithm of (by what has been 
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sdready shown), and which, by oisyking R = ,866589963, 

&c. will stand more commodiously thus, Rx -i 1 

o s 

+ — , &c. 

For anjexample hereof, let the.commonlogaridim of 7^ here- 
quitted: in wl^ch qee the logarithms of 8 and 9 being known, 
from those of 2 and 3, we shall have log. 7s= 2 log. 8 ->— log* 9 

— S {by the Theon^y S being = R^ + -{ ^ &c« ( = 

3 S 

the common loer. of — ) , and x f=/-L-Hl-i. )=± : whence 

^ 63/' ^ 64 + 63/ J^r 

(x^ beinc: = ] we shall have 

^ ^ 16129/ 

R;, (= i£5!£ii^\ =,006839283, &c. 

Ra?3 (= .^fL I = ,000000424, kt. 
^ 16129/ ' ' 

Riv* (= —1 \ =,00000000002, &c. 
^ 16129/ ' ' 

&c. &c. 



Ra^ R;c* 

Con^equendy S (R;^ H 1 , &c.) = ^006839424, 

3 5 

&c. and 2 log. 8 — log. 9 — S = ,845098040, &c. = the 
common logarithm of 7 required. But the same conclu- 
sion may be brought out by fewer terms of the series, if 
the lojgarithms of the three first primes 2, 3, and 5 be sup- 
posed known ; because those of 48 and 50 (which are com- 
posed of diem) will likewise be known ; from whence the 

logarithm of 7 (= I log. 49 = %■ ^8 . + %. 50 + S^ 



• 
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will come out = ,845098040, &c* (as before)^ which value 
will be true to 11 places of figures, by taking the first term 
of the series, onit/. 

Again, let the common logarithm of the next prime 
number, which is 11, be required* Here a may be taken 
= 10, ^ = 11, and c = 12 ; but fewer terms of the series 
will suffice, if other three numbers, composed of 1 1 and the 
inferior primes be taken, whereof the common diflFerence 
is a unit. Thus, because 98 = 2 x 7 X 7, 99= 3 X 3 x 11 
(9 X 11), and 100 = 2 X 2 X 5 X 5 (or 10 x 10), let there 
be taken a = 98, b = 99, and c = 100 ; and then, by the 
first term of the series only, the log. of 99 will be found 
ti-ue to 14 places ; whence that of 11 (log. 99 — log. 9) is 
also known. 

But, notwithstanding all these artifices and compendiums, 
a method, similar to that in page 21, for finding the loga- 
rithms of large numbers, one from another, by addition and 
subtraction only, still seems wanting in the calculation of 
tables ; I shall, therefore, here subjoin such a method. 

1. Let A, B, and C denote any three numbers in arith- 
iiietical progression, not less than 10000 each, whereof the 
common difference is 100. 

2. From twice the logarithm of B, subtract the sum of 
the logarithms of A and C, and let the remainder be di- 
vided by 10000. 






Multiply the quotient by 49,5, and to the product 
add ^^ part of the difference of the logarithms of A and 
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B ; then the sum will be the excess of the logarithm of 
A + 1 above that of A. 

4. From this excess let the quotient, found by Rul^^ 
be continually subtracted, that is, first from th||^xce»^ 
self, then from the remainder, then from the n 
der, &c. 



mt ^^ain- 




5. To the logarithm of A add the said excess, and to 
the sum add the first of the remainders ; to the last sum add 
the next remainder, &c. then the several sums, thus arising, 
will exhibit the .logarithms of A + 1, A + 2, A + 3, &c. 
respectively. 

Thus, let it be proposed to find the logarithms of all the 
whole numbers between 17900 and 18100; those of the 
two extremes 17900 and 18100, and that of the mean 
(18000) being given. 

r A ) being ( 4,252853031 ) 
Then the loga- ^ ^ / ^^^^j > 4,255272505 C , we shall 

rithmof (c) to ( 4,257678575 > 

^^^^ 2 log. B ~ log. A - log. C ^ ^00000000134 (... 

10000 ^ 

Sule 2.), which multiplied by 49,5, and the product; added 
to ^£ — "7 ^^' — , gives ,00002426107 for the excess of 

the logarithm of A + 1 above that of A (^y I^u/e 3.) 
From whence the work, being continued according to Rule 
4 and 5, will stand as follows ; 
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THE I^ATURE AND 



,000084j261Or excess. 4^512853031 log- 17900 



134 



^^^25S 



25973 1st. rem. 
134 





125B39 2(L rsm. 
34 



25705 3d. rem. 
134 



25571 4di.rem. 
134 



25437 5th. rem. 
134 



25303 edurem. 
134 



•25169 7th. rem. 
134 



|25035 8th. penv 
134 



24901 9di. rem. 
134 



2426107 



287729207 log. 1 7901 
2425973 



290155180 log. 17902 
2425839 



292581019 log. 17903 
2425705 



295006724 log. 17904 
2425571 



297432295 log. 1 7905 
2425437 



299857732 log. 17906 
2425303 






302283035 log, 17907 
2425169 



304708204. log. 17908 
2425035 



307133239 log. 17909 
2424901 



24767 10th. rem. J309558140 log. 17910 

&c. &c ' &c. &c. 



Note* The logarithms found according to this method^ in 
numbeim between 10000 and 20000, are true to 8 or 9 pbces 
of fignres: those of numbers between 20000 and 50000 err 
only in the 9th or 10th place ; and those of above 5000O* 
are true to 10 places, at least. 






APPLICATION OF I,OG 

Having explained the manner of 
logarithms, and that by various me 
show the use of such a table in the bu 

First, in the right-angled plane i 
let there be given the hypothenuse 
the angle A = 35° 20' ; to find the 
the base AB. 

Here, because radius : sine 35° 20' : : 1 ?9I0 : BC (by The- 



rad'nis 

because the addition and subtraction of logarithms answers 
to the multiplication and division of the natural numbers 
{see p. 43. 44.), we have hg. BC = log. sine 35" 20' + log. 
17910 — hg. riulius. 

But, by the tables of artificial or logarithmic sines*, the 
log. sine of 35° 20' will appear to be %7G2\775 ; to which 
add 4,2530956, the log. of 17910, and from the sum 
(14,0152731) take 10, the log. of radius, and there results 
4,0*2731 = the log. of BC ; which, in the tables, answers 
to lodft, the length of BC required. 

Again, forV^B, it will be, as radius : sine of C (54° 40') 
: : AC (17910) : AB (iy Theorem 1.* Whence, by ad- 
ding the logarithms of the second and third terms together, 
and subtracting that of the fii^t, j£ vfoove, we have AB = 
14611. Se 



d 



• A lable o[ 
of ihe numbers 






THE APPLICATION 



C (54" 40') 

(irgio) 



9,9I15844„ 
4,2530956 

4,1646800 



le oblique jilane tmn^^ ABC (^:. 3.}, 
AB = 75, AC = 60, and the UKiuitA 
I find the other two angles. Then (ii/ 
Theorem 5.) it wiH be, 



AsAB+AC (13S) 
isto AB— AC(15) 



its log. 2,1303338 

its log. l,ir60<JI3 

J0,3514169 



W 



Whtdi 14° added to 66°, the hrff sum of the angles C and 
B, gives the greater C =: 80° ; and, subtracted th^ffotti, 
leaves the lesser B = 52'. 

Lastlr, in the ri^-angled spherical triangle ABC (fig. 
17-), let ■rtrere be given the hj-pothenose AC = 60*, and the 
angle A = 3 req>endic(^r^ 

Then {by Tfi ffl be as fol- 

lows. 



^ 




OF LOGARITHMS. 



Log. radius 



Log, sine A (23° 29') 
Log. sine AC (60°) 

Log. sine 60 = 20° 11' 

Also log. radius 

Logw Co-s. J|(23° 29^ 






Log. T^ ACr(60°) 
Log. T.AB = 57^49' 

HaWng exhibkeflrllie man 
caIR of planeftnd spHl^cal 
and otherwim, jtahall here 
the solutioik 
occur 5 wbe 
their sums, or datterences 




9,9 
10;2385606 

10,2010133* 



the comanoh 
logarithnis 




"From the two e Aeme#of A 
let the chords AE and 
bisect AE,* pei^endi 
AQ^'be the sine, and: 
^ACE. 

I 

fif Cor. to 8. 





PROPERTIES OF 

F ; als44CD2 =5 BE^ = AB x BF = 2 AC x 

CD^ = |Ae X BF. Fro9i which it appears, 

^ of the sine of half any arch^ or angle^ is 

nglc under half the radius and the versed sine 

nd that the squatt of its co-sine is equal to aj^ 

r half the radius and the versed sine of the 

he whole arch^ or angle. 



% 



• MRGP. II. 



sines of two archeMj^ng given^ to find 

cmcmai 



ifference of^ these 

ft 

• # 



o proposed 

-sine of the 

those of the 

let DG and OG fie the sin 

nd BE andOE, those of th 

p^ulel toJ^^^witusto^O in 

pa^Bel'tcy 

because D 

and that tjie tria 

ence we have vi^BoimmxTi^ pro- 
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61 
equations together, 
= Om X CF + Dm 
over, by taking the 
X OC (BE X OC) 
L is known. 

id fourth equations 
E X OC) = Om X ■ 
th^Utter from the 
: (TC) = Offi X OF 
) are also known. 



lenoted by S and v, 
R, then will 



ler arch (when they 

C« — S' 

,.sme=_3^: 

mhie of any arch is 
? and co-sine of the 
t its c^'sine ia equal 



to the difference of the s 
■tingle arch also <&vided 



Moreover, because 



X 20n = iOC X OEh 
of the tines of <Wf two 
rectangle unde^half tl 
co-sines, of the sum and 
the rectangle of their ci 
half the radius, and the 
difference of the sarhe at 



The tangents of two • 
gents of the sum anddij 

LetANand AM (I 
and AB and AC their i 
gunt of their sum, in the 
difference, in the second 
radius DN, be drawn j 
triangles BAD and BFl 

f BD X CF = : 

1 Bn X BF = : 
Take each of the last eq 
will remain BD^ — BL 
X BC : now BD x DI 
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(DA X BC) : : DF : CF : : DN {DA) : NE ; : DA* : DA 
X NE: whence, altenwtely, BD» — BA X BC t DA» 
IE) : i BC : NE. But the first 
ecause BD== DA' + BA*, will 
+ BA» — BA X BC, or by DA» 
.C ; or, lastly, by DA' ^ BA X 
;e first terms of the proportiqo 
, ME, will likewise be koown. 



pposed unitj-, and the tangents 
1^ T and (, it follows that the 

X t 

their difference = —. 

1 +(r 

- But it will be proper to take notice here, once for all, that, 
if in these, or any oUkf theorems, the tangent, secant, co- 
skie, co-^gei^ &c. of an arch greater than 90 degrees be 
concerned ; then, instead tfeer-eof, the tangent, secant, co- 
sine, &c. of an arch, as much below 90 degrees, is to be 
taken, with a negative sine, according to the observation in 
page 7. 

Thus, for instance, let BA (fig- 22.) be an arch greater 
than 90, and let the tangent of the sum of AB and AC be 
retiuited j supposing T to represent the tangefrt of AD (the 
supplement of AB) and (the tangent of AC ; then, by writ- 
ing— T instead ofT, in the first of the foregoing tfieorems, 
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we shall have tang, of BC = — — i-^ = ~ —, and 

f 1 — ,. r i + tT' 

77= ; which ia the 

l+tl" 



very theorem demonstrated in the 2d case. 



PROP. IV. 



^ 



Js the sum oj" the tangents of am BAC, 

BAD (fig. 23.) is to their fliference, ; ^ the 

sum of those angles to the sine cf their 

Let BC and BD be the two propo to the 

ladiua AB ; take Brf= BD, join A , )E and 

rfF perpendicular to AC. It is manifest, because Bi:/^ 
BD, that Ai/= AD, and i/AB = DAB, and, consequent- 
ly, that CA</is the difference of the two angles BAC and 
BAD. 

Now, by reason of the similar triangles CDE and Ci/F, 
it will be, CD (CB + BD) : C^(CB — BD) : : DE : </F; 
but DE and ifF are sines of DAE and 2KY to the equal 
. radii AD and Ai^.- whence the truth of the proposition is 
manifest, ' 

COROLLARY. 

Hence it also appears, that the bpse (CD) of a plane ti?- 
angte is to (C.^) the difference of its two segments, made by 
letting fall a perpendicular, as the sine of the angle (CAD) 
at the vertex, to the sine of the difference of the angles at 
the base. 
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PROP* V- 



In af^phne triangle ABC (fig. 24.% it will bty as the 

sum of the two sides plus the basey is to the sum of the tW9 

ijsides minus the base^ so. is the co'tangent of half either an*' 

gle at the base to the tangent of half the other angle at the 

base* 

In AC produced take CD = BC, and let BD be dmwn: 

then (by Theor. 5. p. 9.) it will be, AD + AB : AD — AB 

ABD 4- D /180** — A ^^o • A 1 
: : tang. ^II— ^ ^ = 90" — \k) : tang- 

ABD ~ D /ABD — CBD ABC\ .^ . • a -- . tir* 

( qs ) that IS, AC -4- EC 

2 \ 2 2 /' * ^ 

+ AB : AC + BC — AB : : co-tang. | A i tang. |ABC. 

^ E. D. 

PROP. VI. 

tn any plane triangle ABC (fig* 25.), it will be^ as the 
base plus the difference of the two sides is to the base minus 
the same difference^ so is the tangent of half the greater 
angle at the base to the tangent of half the lesser. 

\ In the lesser side CA, produced, take CD = CB, so that 

AD may be the difference of the two sides ; and let BD be 
drawn: then it is manifest that the angle CBD will, be 
equal to D: but {by Theor. 5. p. 9.) AB + AD : AB~ 

**^ D-f-DBA CAB,, 

AD : : tangent ^ = — — - [by 32. 1.) : tangpat 

D — DBA CBD~DBA CBA <« „ r. 

2 2 2 ^ 



6a BBOfOfRTIE^ OF 

PROF. yu. 

4^tlie ia9€ iifmifipUm^UHa^tlit ABC (6^ 9S*) j# tot the 
^m (^\he nfMisuiefij 90 19 th^ hw oJ half the vertmfasfigW 
tffr tJi^ co'^sine (ifha{f th^ fig^ftejnc^ioftK^ angles ^ tb^ba»^ 

In AC, produced, take CD = CB ; join B, D, a^d df^W' 
C£ parallel |o AB, and CF perpendicular to BD. 

gunce €D =? Ca^ Aerefof^ i^ the angW &=? PW? (ij^ 
5. 1«), and, consequently;,, half the veitical angk ACB = 

R+CBD,. „^ ^ . T^ 

— ^ {by 32, 1.) = p. 

l^Qreovor^s^uig DCB 13 =.tbs sum of the^ angbts. A 
and CBA, at the base {by 32. 1.), it is evident tlnit BCF 
(or DCF) is equal to half that sum; and, therefore, as 
ECF is the excess of the g^estf^ ABC c= BCE {by 29. 1.) 
above the half sum (BCF), it must, manifestly, be equal 
to^balf. the- 4iffi^<^cQ o£ the. sam^ angles A aod, CB A^ 

Put {by^. yA(?<?r^ 3.) Afi : AJl (AC + BC) : i sine D- 
(i ACB) : sine ABBI ^ sin^ QEJDi ^, 29. U) 3= ww EEC 
= co-sine ECF. ^ E. D. 



As the base of any ffkme tricmgff* ABC (fig. 27.) is to^ 
the dkfftrence of the two sides, so is fhe cosine of half the 
vertical angle to the sijfkQ of half ffm differ enoe oftha anglee 
ut the base. 



r 
* 
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In tht greater sMc CA let theri^ be tak^n CD = GB, 
and let BD be drawn, and likewise C£, perpendicular to 
Kb. It is manifest, because pD = Cfi, that CDB lind 
CBD are equal to one another, and that e^h Cfi them is 
also equal to half the sum of the angles CBA and A at the 
base (by 32. 1.); therefore ABD, being the excess of the 
greater CBA above the half sum, must consequently be 
equal to half the difference of the same angles. 

But (by Theor. 3.) AB : AD (AG ~ BG) :.:sine S 
(co-siae DCE, or |C) : tAm ABD. ^ E. £>. 



PROP. IX. 

<« 

-4* the difference of the two sides AG, BG (fig. 25.), of a 
plane ^iatiffle, is to the difference of the segments of the base 
AQ, BQ (made by letting fall a perpendicular fr^m the 
vvrtex)ySo is the sign of half the vertical angle to the cc-sine 
of half the difference of the angles at the base* 

ForAG^BC: AQ— BQ:: AB : AC + BG(*yZ. 

6. and 16. 6.) : : liine ? : co-sine "[^ (by Prop. T.) 

' 2 2 

^. E. D. 



, PROP. X. 

As the sum of the two sides of a plane triangle is to the 
differ erice of the segments of the base (fig. 25.), so is the co* 
sine of half the vertical angle to the sine of half the difference 
of the angles at the base. 



/ 
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For AC +BC ; AQ— BQ : : AB : AC — BC {by L. 

■ ACB B — A 

6. and 16* 6.) : : co-sine of : sine of {by Prop* 

%.) S. £. D. 



PROP. XI. 

As the tangent of the vertical angle C of a plane triangle 
ABC (fig. 28.) is to radius^ so is half the base AB to a 
fourth proportional; and as half the base is to the excess of 
the perpendicular above' the said fourth proportional^ so is 
the sine of the vertical angle to the co-sine of the dtffelrence 
of the angles at the base* 

Let ABCE be a circle described about the triangle, and 
from O, the centre thereof, let OA and OC be drawn; 
moreover, draw CE parallel to BA, meeting the pei-ipheiy 
in E, and DOF perpendicular to AB, meeting EC in F. 
^ Then it is evident, that DF will be equal to the perpendi- 
cular height of the triangle, AOD equal to the vertical an- 
gle ACB, and FOC (= E AC) equal to the difference of 
the angles (ABC and BAC) at the base. , 

But {by Theor. 2.) as tang. AOD (ACB) : radius : : 
BA (^AB) : DO; moreover, as DA : OF (DF — DO) 
; : sine AOD (ACB) : sine OCF, or co-sine of FOC% 



CLANE TRIANGLJES.* 
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PROP. XIL 

As the tangent of the vertical angle of a plane triangle 
ABC (fig* 28*) is to radius^ so is the base AB to a fourth 
proportional; and as the said fourth proportional is to the 
sum of the semi-base and the line CD bisecting the base^ so 
is the difference of these two to the perpendicular height of 
the, triangle* 

Let a circle be descHbed about the triangle, an4 from O, 
the centre thereof, let OA, OC, and OD be drawn; also 
let CF, parallel to AB, be drawn, meeting DO, produced 
(if need be) in F. It is evident that DF will be perpendi- 
cular to AB, and equal to the height of the triangle. But 
DC*=: OC* + OD* + 20D X OF {by 12. 2.)=: OA* + 

OD2 + 20D X DF — OD= OA« — 0D«+20DxDF= 
AD«+20DxDF {by 47. 1.); whence, by taking away AD* 
from the first and last of these equal quantities, we have 

DC>~AD» = 20DxDF; or DC + ADxDCIIAD 
3= 20D X DF {by Cor. to 5. 2.), and therefore 200 : Bt 
+ AD : : DC — AD : DF ; but {by Theor. 2.) as the tang. 
AOD=:ACB : radius (: : AD : OD) : : AB : 20D. 
.% E. D. 



PROP. XIII. 



As twice the rectangle under the base and perpendicular 
of a plane triangle ABC (fig. 29.) is to the rectangle under 
the sum and difference of the base hnd sum of the two sides j 
so is radius to the co-tangent of half the vertical angle. 



* • 
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Let HG, perpendicular to AB, be the diameter of a cir- 
cle described about the tiiang^e; and let HD and H^ be 
perpendicular to the two sides of the triangle ; also let 
CF be paralld' to AB, and let HA, HB, and HC be drtfvn. 

Since die diameter HO is perpeodicubr to AB^ tfaes^r^ 
fore 18 A£ s= B£ (by 3. S.)) AH ax BH^ ami the aiigla 
ACH = BCH {hy 26. and 2r. 3.); whence^ also, CD =s C^ 
and HD = H^ {by 15. 1.) Therefore the right-angfed 
triangles HAD and HB^, having AH = HB and HD = 
Hdy hav«, likewise, AD c: B^ (by 26. 1.) From whellce 
it is -manifest, that CD will be equal to half die sum, and 
AD equal to half the difference of the two sidea of the tri- 
angle. Moreover, because of the similar triangles AEU 
andHCD, it will be, AE* : CDM : HA^r=HExHG 
{by Cor. to 8. 6.) : HC^ (HF x HG) : : HE : HF {by 1. 
6-) Whence, by division, &fc. AE^ ; CD« — A,E^ : : HE 
: EF : : HE X AE : EF x AE ; therefore, In/ imenkn 

md aU^rnation^ EF X AE : CD»— AE» (CD + AE X 

CD ~ AE) : : HE X AE : AE*. HE : AE : : radlAis 
: co-tang. EAH (ACH), by Theor. 2.: whence the tt^xtk 
of the propoaition is manifest • 



PROP. XIV. 

As twice the rectangle of the base and perpendicular of 
a plane triangle ABC (fig. 29.) is to the rectangle under 
' the sum and difference of the base^ and the difftrtnce of the 
k two sides^ so is radius to the tangent of half the vertical 
angle. 
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X^et tlie psecediug conatriKtiGti be retained, and let AG 
and CG be draw^. The triangks AHD and G!MC (be- 
ing right-angled at D and C, and having HAD = HGC, 
hy 21. 3.) are equiangular ; and so AD : GC : : AH : HG 
: : A£ : AG {by 8. 6.).; whence, alternately, AD : AE 
: : GC : AG, and AD^ : AE* : : GC» (GF x HG) : AG* 
(G£ X GK)*: : GF t GE; therefore, hy diouion, &?c. 
Afi*-- AD* : AE» : : EF : GE : : EF x AE ; GB x 
AE 'f whxmcey again, ky akUimation^ (sfc* £F x AE : A£^ 

~ AD» (AE + AD» X AE — AD) : : GE x AE r AE^ 

: : GE : AE : : radius : tang, AGE (^ Theor. 2.) ; from 
which the truth of the proposition is manifest. 



PROP. SY. 

If the reiattonr of three right lines a, b, an^/ x (fig. 30;)' fc 
sttcky that2LTk — X* = b*, then it will fc, as \^\hi\ radtus: 
to the sine of an emgh^ and as radhis^ to the tangvnf (or cO' 
tnHffmti) ^haifthia anffici^so i« b : x. 

Make AB equal to a, upon which let a semicircle ADB* 
be described ; also let CD, equal to ^, be perpendicular to 
AJBs and. meet the periphery in D (for it cannot exceed liie 
radius* o£ the ciiicb when the proposiucmis-posaible): nippe«- 
over^let ADs BDy^pduhe radius QD- be dcawn.* Because 
ACx.CB=:Ciy=P^* {by Car. to 8. 6*), it is- plainuthat 

j AC X a -— AC, or BC x a — BC is also = b^ ; and, there- 

fore, X X a — X being = ^*, it is manifest that x may be 
equ* either to- AC or to- BC. ICow (h^ Theor.-X.) O© 
(|a) •. C»(^) : : radius : sme DOC, whose half is equaTto 
A or BBC (fiy 20; 3w) »at as radius : tang. BDC : : D€ 



I 
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{b) : BC; ot^ as radius : co-tang. BDC (tang* CD A) : : 
DC(«):AC. ^E.D. 



PROP. xvr. 

If the relation of three tines a, b, and x (fig. 31.) be suchy 
that X* ± ax =3: b*, then it will be^ o^ ^a : b : : radius to the 
tangent of an angle^ and as radius is to the tangent or co- 
tangent of half this angle {according as the sign of zx is 
positive or negative) : : 6 : x. 

Make AB = b^ and AC perpendicular to AB, equal to 
a ; about the latter of which, as a diameter, let a circle be 
described; and through O^ the centre thereof, letBDbe 
drawh, meeting the periphery in £ and D ; also let A, E 
and!C, £ be joined, and draw BF parallel to AC, meeting 
AE, produced, in F. Then, since {by 36. 3.) BE X BD 

C= BE X B£^a= BD x ^U — a) = AW (*») and at x 

;c ± a = £% by supposition, it is manifest, that BE wiU be 

= X, whoi >^xx + a = l^; and BD = x*,. when xXx — a 

» 

Furthermore^ because the angle F = OAE {by 29. 1.) = 
OEA (% 5. 1.) = BEF {by 15. 1.), it is evident that BF = 
BE {by 6. 1.), and that the angles BAF and C (being the 
complements of the equal angles F and OAE) are likewise 
equal. 

Now {by Theor. 2.) AO {\d) : AB (A) : : radius : tang, 
AOB ; whose half is equal to C or BAF. But, as radius 
: tang. BAF : : AB {b) : BF (BE), the value of jir in the 
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first case, where o(^ +ax^ b^. Again, radius : co-tang. 
BAF (tang. F) : : BF (BE) : AB {by Theor. 2.); and BE 
: AB : : AB : BD (by Cor. to 36. 3. and 16. 6.) ; whence, 
by equality, radius : co-tang. BAF : : AB {]>) : BD; which 
is the value of x in the second case ; where x^ — ax^h^. 
2>. K D. 



PROP. XVII. 

In any plane triangle ABC (fig. 32.), it will be, as the 
line CE, bisecting' the vertical anglcy is to the base AB, so 
is the secant of half the vertical angle ACB to the tangent 
of an angle ; and^ as the tangent of half this angle is to ra* 
diusy so is the sign of half the vertical angle to the sign of 
either angle^ which the bisecting line makes with the base. 

Let ACBD be a circle described about the triangle, and 
let CE be produced to meet the periphery thereof in D ; 
moreover, let AD and BD be drawn, and likewise DF, 
perpendicular to the base AB ; which will also bisect it, 
because (BCD being = ACD) the subtenses BD and AD 
are equal {by 26. and 29. 3.) Moreover, since the angle 
DBE = ACD {by 21; 3.) = DCB, the triangles DEB and 
DBC (having D common) are equiangular, and therefore 
DE X DC = DB^ (by 4. and 17. 6.), or, which is the same, 
DE* + DE >^CE = DB2. Therefore {by Prop. 16.) -JCE 
: DB : : radiin : tangent of an angle (which we will call Q); 
and as radius : tang. |Q : : DB : DE. 

But DB ; BF (|AB) : : secant FBD (BCE) : radius ; 
therefore, by compounding this with the first proportion, 

K 
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weliave |CE x DB : |AB x DB : : radius X recant BCE : 
'Taflms X tang. ^ (^by 22.*6.J, and consequcntlyCE : AB : : 
secam BC£ : tang. -Q (% 1. 6.) Again, DE : DB -. - akie 
toBE (BCE) : ^e of DEB (or of CEB) ; i^^hcnce, tiy 
•eqnaKty, tang. |Q : radius : : sine BCE : sine CEB. 
^ E. D. 



PROP. XVIII. 

In'mnypiane triangle ABC (fig. 38.), it will be^ as the 
frtpendrcular is^o the sum of the two sides^ so is the taut' 
-gent of half -the angle at the vertex to the tangent of an an- 
gle : and as radius is to the tangent of half this angte^ so »* 
the sum of the two sides to the base of the triangle* 

Let DP, perpendicular to AB, be the diameter of a cir- 
cle dcsonbcd about the triangle ; let C'F be perpendicular 
to DP, and OG to AX), and let DA, DC, and ©B 'be 
^Itawn, and also TI, parallel to BD, meeting B A, produced, 
=in I. 

It is manifest, yrom Prop. 13. that CG is equal to half 

the sum of the sides AC and BC : it also appears (from 

29. 1. and 27. 3.) that the triangles DCG, ADE, BDE, 

aoad IFE are all equiangular. Therefore it will be, CG* 

: BE» : : DC* (DF x DP) : BD* (DE x DP) : : DF (DE 

+ EF) : DE : : BE + EI : EB : :BE+Efx BE : EB* ; 

« 

and, consequently, CG» (=BE+eTx BE) = BE* + EI 
X BE. But, by Prop. 16. it will be, ^EI : CG : : radius : 
tangent of an angle (which we will callQ); and as radius 
: tang. |Q : : CG : BE ( : : 2C'G, or AC + BC, to AB), 



\ 



J 
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Bvit(^ Theor. 2.) EF : £1 : : tang, I (ACD) : radiu3 ; 
therefore, l:^ compoumdiQg tbb proportion wkb tbe last but 
one, TO shall have njEi X EF : EI x CG : : tang.' ACD x 
radius : tang. Q x radius {hy 22. 6.), and consequently EF 
: 2CG (AC + BC) : : tang. ACD : tang. Q. Whknce the 
truth fif the proposition is mdm/est* 



PROP.» XIX. 

Jn any plane triangle ABC (fig. 34.), it will be, as th/s 
pefpendiculoM is ta the (difference of the two, sides, «a is the 
co-agent of half the vertical angle to the tangteni of an 
angle ; and, as radius is to the co-tangent of half this an^ 
gle, SQ is the difference of the sides to the base of the trh* 
angle* 

Jlret DP> DO, CF, &G. be as in the preceding proposition; 
abo, let PA and PC be drawn, and FI, parallel to PAt 
meeting AB in I. 

The right-angled triangles ADO and DPC, having DAG 
= DPC {by 21. 3.) are similar ; and therefore AG : AD 
: : PC : DP {by 4. 6.), and, alternately, AG : PC : : AD 
: DP : : AE : AP {by 8. 6.); whence {by 16. 5. and 22. 6.) 
AG* : AE* ; : PC* (PF x PD) : AP* (PE X PD) ; : PF 
: PE ; ; AI : AE : : AI X AE : AE* {by 1. 6.); and, con- 
sequently, AG* = AI ;5f AE =:? AE* -^ EI x AE. There- 
fore,' ^j/ Prop. 16. ^EI : AG : : radii^s : tangent of an angle 
(Q) ; and as radius : to-tang. |Q : : AG : AE. But {by 
Theor. 2.) EF : EI : : co-tang. EFI (ACD) : radius ; 
which proportion being compoufided with the last but one. 
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&€. we shall have, EF : 2 AG (AC — BC, see Prof. 13.> 
: co-tang. EFI : tang. Q ; and as radius : co-tang. -^Q : : 
AG : AE : : 2AG (AC — BC) : 2AE ( AB). ^. E. D. 



PROP. XX. 

The hypothenuse AC, and the sum or difference of the 
legs AB, BC, of a right-angled spherical triqngle ABC 
(figA 35.), being given^ to determine the triangle. 

JLetAEbethe sum, and AF the difference of the two 
legs. Because radius : co-s. AB : : co-s. BC : co-s. AC 
{by Theor. 2.) ; therefore co-s. AB X co-s. BC = rad. X 
c6-s. AC ; but the former of these is = ^ rad. X 

co-s. AE -f- co-s. AF {by Cor. 3. to Prop. 2.) ; therefore 
3 X co-s. AC r= co-s. AE + co-s. AF. Whence it ap- 
pears, that^ if from twice the co-sine of the hypothenuse the 
tiO-sine of the given sum or difference of the legs be sub- 
tracted^ the remainder will be the co-sine of an arch^ whichj 
added to the said sum or difference^ gives the double of the 
greater leg required. 

COROLLARY. 

I 

Hence, if the two legs be supposed equal to each other 
for the given difference = O), then will the co-sine of the 
flouble of each be equal to twice the co-sine of the hypothe- 
nqse mim{s the radius. 
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PROP. XXI. 

One leg^ BC (fig. 35.), and the sum or difference of the 
hypothenuse^ and the other ieg'y AB, being given, to deter* 
mine the hypothenuse* 

Since rad. : co*si]!ie BC : : co-sine AB : co-sine AC {by 

Theor. 2.), it will be {by comp. and div.) radius + co-sine 

BC : rad. -<— co-s. BC : : co-s. AB -f co-s. AC : co-s« AB 

— co-s. AC. But the radius may be considered as the 

sine of an arch of 90**, or the co sine of ; and, therefote, 

since {^by the lemma in pp 32*) co-sine -f- co-sine BC : co-s. 

n nr . BC+0 ^ BC — ' , 
— co-s. BC : : co-tang. -^ — : tang. ; and 

co-sine AB + co-s. AQ : co-s. AB — co-s. AC : : co-tang, 

AC + AB ^ AC — AB . - „ , .. , ^ 

5 " ' ^^"^S* » ^^ follows, by equality , that 

BC ^ BC - AC + AB ^ 

co-tang. — : tang. -— : : co-tang. : tang, 

2,2 A 

AC' AB 

-TF » that is, M the co-tang, of half the given leg is 

to its tangent, so is the co-tangent of half the sum of the hy- 
pothenuse, and the, other leg, to the tangent of half their 
difference* 



PROP. XXII. 



-I 



The angle at the base, and the sum or difference of the 
hypothenuse and base of a right-angled spherical triangle 
(fig. 170 bein^ given, to deterpnne the triangle. 
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. First, it will be, radius : co-sine A : : tang, AC : tang*. 
AB {hij Theor* !•), and therefore radius -f co-sine A : ra« 
dius — co-sine A : : tang. AC rf- tang. AB : tang. AC — 
tafig. AB \ whence, by arguing 'as in the last Ph>p. it will 
a|>f>ear, that co-tang* ^A : tang. |A : : radius ^-co-aine A 
: radius -— co-sine A (: : tang. AC -f tang. AB : tang. AC 

— tang. AB) : : sine AC + AB : sine AC — AB {by Prop* 
4i)m Hence it appears, that. As tht co^tangent of half the 
gnten angie is to its tanfent^ so is the sine of the swn &fthe 
hyfothenuse QUd adjacterU k^ to the sine of their Affercnce^ 



PROP. XXIII. 

The hypothenuse AC (fig. 36.) and the sum or difference 
oftht two adjacent angles being given^ to find the angles* 

» 
J^et EC be perpendicular to BC ; then it will be, radius 

( co-sine AC : : tang. A ; tang* ACE {by Theor* 5.) From 

} whence, by reasoning as above, we shall also have co-tang. 

JAC : tang. ^AC : : sine ATTACK : sin« A — ACE i 
whereof the two last terms, by substituting 90° — ACB for 

ACE, will become sine 90°+ A— ACB (co-sine AQB— A) 
and sine A + ACB — 90° respectively. Whence it ap- 
pears, that. As the co-tangent' of half the hypothenuse is to 
its tangent, so is the co-sine of the difference of the angles 
at the hypothenuse to the sine of the excess of their sum 
above a right angle* ^ 
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COBOLLAKY. 



flettoe^ if die angks be -suppased equd, then it w9l 
te« » cadias : tangent |AC ; : tangefit ~^AC z me 



XA— 90^ 



PROP. XXIV. 



IruhtforigM-^mgied spherical trttmgles ABC, ADE (fig. 
37.), hmfing vne ixngk A common^ iet there le given the 
two perfendictdars ftC, DE, and the stan or difference of 
the hypothenuses AC, AE, to determine the triangles. 

It is evident {Jrom Theor. 1.) thajt sine pE : sine BC 
: : sine AE : sine AC ; therefore sine DE -f sine BC : sine 
DE — sine'BC : : sine AE + sine AC : sine AE— -«ine 
AC ; whence {by the lemma in p. 32. and equality) tan|^ 

DE+BC DE — BC AE+AC 

1 : tang. — ^ : : tang. ^_^ : tang. 

•« <4 ^ 

AE — AC 

: that is, As the tangent of half the sum of 

the txvQ perpendiculars is to the tangent of half their diffe^ 
rence^ so is the tangent of half the sum of the ttpo hypothec 
ruises to the tangent of ha^ their difference. 



» ' 



PflOP. XXV. 

r 



/ J»two righuangled sj>herical triangles ABC4 AD£ (fig* 

I 37.), having the same angle A at the base, let there be given 

the timo perpendiculars BC, 5>E, and. the sfm or difference 
of the bases AB, AD, to determine the bases. 
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Since tang* DE : tang. BC : : sine AD : sine AB {by 
Theor. 4* and equality) ; therefore is tang. DE -f- tang. 
BC : tang. DE — tang* BC : : sine AD + sine AB : sine 
AD — sine AB ; whence {by Prop* 4. and the lemma in pm 

320 it will be, sine DE+BC : e sin DE — BC : : tang. 

AD + AB ^ AD — AB , . 

: tang ; that is, 

A9 the sine of the sum of the two perpendiculars is to the 
sine of their dijference^ so is the tangent of half the sum of 
the two bases to the tangent of half their difference* 



PROP* XXVI. 

The product of the square of radius and the cosine of 
the base of any spherical triangle ABC (fig. 38.^ is equal 
to the product of the sines of the two sides and the co-sine 
of the vertical angle^ together with the product of radius 
and the co^sines of the same sides. 

For, let AD be perpendicular to BC ; then, since co-s. 

B^ S. CB X S. CD + co-s. CBxco-s. CD ,. ^ . , 

BD = -^ , (by Cor* 1. tt? 

> rad. ^ ^ 

Prop* 2.), it is evident, that co-s* BD : c6-s. CD : : 

S. CBxS. CD+co-s. CBxco-s. CD 



rad* 



: co-s. CD : : ^ 



S. CBxS. CD . . ^-, , ,, 

jTTT (- CO-S* CB : rad- (by mult, each term by 

CO-S. vyJLI 

rad. \ „ S. CD T. CD , ^ 

r^iT /• ^^* ?»-?; = — T- » therefore our propor- 

CO'S. CD/ co-s. CD rad* ^ ^ 



"^ 
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tion will be -^ r-^ +co-s. CB : rad. f: : co-s. BD 

rad. ^ 

: co-s. CD) : : co-s. AB : co-s. AC {by Cor. to Theor. 2.); 

whence, by multiplying means and extremes, we have co-s. 

AH. J- S. CB X CO-S. AC X T. CD . . ^ ' 

AB X radius = ■ ■ . g + co-s. ACx 

CO-S. BC. But {by Theor. 1.) radius : co-s. C : : 1*. AC : T. 

^^ co-s. C X T. AC co-s. C X S. AC ,, -, ^ ^ 
CD = r^g = .^ {by Cor. l.to 

Pf.op. l.p.9 14,), which last being substituted for its equal, 

t 1, • A r» J S. C A X S. CB X co-s. C 

we shall have, co-s. AB x rad; = t 

, rad. 

+ CO-S. AC X co*s. BC; from whence, if each term be 
multiplied by radius,, the truth of the proposition will ap- 
pear manifest. 

There is another way of demonstrating this proposition, 
from the orthographic projection of the sphere ; but that is 
a subject which beither room nor inclination will permit me 
to treat of here. 



PROP. XXVIL 

If AE be the sum, and AF the difference^ of the two 
sides of a spherical triangle ABC (fig. 39.), and V be put 
to denote the versed sine of the vertical angle, and R' 

,. ,. .,/ XT R* y^ to-*. AF — CO'S. AB 
the radius: then wtU V = s.ACxS.BC 



2R X co-s. AF — GO'S. AB 
CO'S. AF — co-s. A% 



2R X S. 4 AB + 1 AF X S. ^ AB — j AF 
"" 5. AC X S. BC 
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It appears from the last Prop. ( fig. 40. ) that co-s. ABx R is 

R 

which, for co-s. C let its equal R — V be substituted, and 
then we shall have co-sine AB x R = co-sin? AC X co- 
sine BC + sine AC x sine BC — S. AC x S. BC x V . 

R 

but the sum of the two former of the three last terms is = 
co-s. AF X R (1^1/ Cor. 1. to Prop. 2.); therefore it will 

be co-s. AB X R = co-s. AF x R — S' -^t: x S. BC x V 

R ' 

andcon,equendyV = Blil^^A£=^:AB^ ^^.^^ 

is the first case. Again, because S. AC x S. BC is = IR 
X co-s. AF — co-s. A£ (by Cor. 3. to Prop.Z.), we shall 

also have V = ^R >c co-s. AF -co-s. AB . . 

co-8. AF — co-s. AE '^'^'* " ^"' 

second case. Moreover, since |R x co-s. AF — co-s. AB 

;.-« AB + AF . t, AB — AF.. , 

18 _ & _ X S (by the same), it follows 

that V is likewise = ^^xS' |AB■^ JAFxS.T AbHTaf" 

S. AC X S. BC" 



COROLLARY 1. 

Hence, because AR x V is = the square of the sine of ^C 
{by Prop. 1.), it follows that sq. S. |C = 

R' X £i. lAB -H |AF X S. jAh — 4AF 
S. AC X S. BC 
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From whence we have the following theorem, for solv- 
ing the 11th case of oblique triangles, where the three sides 
are given, to fihcf an angle. 

As the reotangk of the sines of the two sideSy including 
the proposed angle j is to the rectangle under the sines ^of 
half the base plus half the difference of the sides, and half 
the base minus half the difference of the sides, so is the 
square of radius to the square of the sine of half the re- 
quired angle. 

COROLLARY II, 

Moreover, because V = R' ^ t:o-s. AF — co-s. AB 

S. ACxS. BC '^* 

shall have R» : S. AC x S. BC : : V : co-s. AF-^co-a. 
AB: which gives the foUowingtheorem, for finding a side 
when the opposite angle and the other two sides are given. 

As the square of radius is to the reciangle of the stne» 
of the two side? including the given angle, so is the versed 
sine of that angle to the difference oftheco-skies {or versed 
sines) of the difference of those sides, and the side required. 

COROLLARY III. 



Again, because V = ^^ X co-s- AF -- co-s. AB 

co-s.AF — co-s. AE ' ^^ 
shaU, by transforming the equation, and putting W for 
(2R_ V) the versed sine of BCE (the supplement of the 
vertical angle j, have co-sine AE = 

2R X co-s. AB — W X co-s. AF 

^ — , and the co-s. AF = 
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2RXCO.S.AB--VXCO-S.AE pnm whence the aide. 

themselves may be determined, when their sum or diffe- 
rence is given, with the base and vertical angle. 

COROLLARY IV- 



T -J- • aD TW/Tr\ 2RXCO-S.AF — CO-S.AB 

Lastly, smce aR — W (V) ss • — ^ — tb— > 

•^' ^ ^ co-s. AF — co-s. AE 

we have W x co-s. AF — co-s. AE = 2R x 

co-s. AB — co-s* A£ ; whence, by multiplying both side& 



R* 



by — , W X iR X iR X co-s. AF — co-s. AE ( = co-s.* 

^ACB X S. AC X S. EC, by Prop. 1. and Cor. 3. Prop. 
2.) = R* X JR X co-s. AB — co-s. AE = R> x S. 

Z_-. X S. {by Prop. 3.) = R* X S. 

AB + AC + BC ^ s (AB + AC + BC __ ^^^ ^^^ 

the following analogy ; As the rectangle of the sines of the 
two sides is to the square of the radiusj so is the rectangk 
of the sines of half the sum of the three sidesy and of the 
excess of that half sum above the base^ to the square of the 
co'sine of half the vertical angle. 
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SPHBBICAL PROJECTIONS. 



DEFINITIONS. 

1. The projection of the sphere is the delineation of the 
circles drawn upon its surface, as seen upon a given plane, 
called the plane of projection, the position of the eye being 
also given. There are several kinds of projection, according 
to the situation of the eye, and the plane to which the circles 
are referred. 

2. In the orthographic projection, the plane of projectioxt 
passes through the centre of the sphere ; and the eye is sup- 
posed to be so situated, that all lines drawn to it from any 
points on the sphere, are perpendicular to the plane of pro- 
jection. 

3. In the stereographic projection, the plane of projec- 
tion passes through the centre of the sphere, and the eye is 
situated in the pole of the circle formed by the intersection 
of this plane and the spherical surface. 

'4. The primitive circle is that on whose plane the pro- 
jections are made ; or it is the common section of the plane 



^ 
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of projection and the surface of the sphere. And the pole 
of this circle is called the pole of projection. The point in 
which the eye b supposed to be situated is called the project- 
ing point. 

5 The line of measures of any circle, is the common sec- 
tion of the plane of projection and another plane which pas- 
ses through the ajces of the primitive and of that circle. 

6. The right line drawn from any point on the sphere 
to the projecting point, is called a projecting line. 

7. A circle of the sphere is called an original circle ; 
and its representative on the plane of projection^ a projected 
circle. 



SECTION I. 

The Orthographic Projection of the Sphere. 

> 

PROP. I. 

If a right line AB (fig. 40.) be projected upon a plane j it 
will be projected into a right line ; and its length will be to 
the length of the projection^ as radius to the co-sine of its in^ 
clination to that plane. 

For let fall the perpendiculars Aa, B* upon the plane of 
projection ; then ab will be the line into which it is projected ; 
but, by trigonometry, AB : Ae?, or ab : : radius : sine of B, 
or co-sine of aAB. 
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COROLLARY I. 



A right line projecte4 upon a plane parallel thereto, is pro- 
jected into a right line parallel and equal to itself. 



COROLLARY II. 



An angle projected upon a plane, which is parallel to the 
lines fornling the angle, is projected into an angle equal to 
itself. 



COROLLARY III. 



Any plane figure projected upon a plane parallel to itself, 
is projected into a figure similar and equal to itself. 



COROLLARY IV. 



Hence also the area of any plane figure, js to the area of 
its projection : : radius : co-sine of its inclination to the plane 
of projection. 



PROP. IL 

A circle perpendicular to the plane of projection^ is project* 
ed into a right line equal to its diameter* i 

For projecting lines drawn through all the points of the 
circle fall in the common section of the planes of the circle 
and of projection^ which is a right line (3. 2. Su[q).), and 
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that line is equal to the diameter of the circle ; because the 
planes intersect in that diameter* ^ £. Z). ^ 



COROLLARY. 



Hence any plane figure perpendicular to the plane of pro- 
jection is projected into a right line. For the perpendicu- 
lars from every point, will all fall in the common section of 
|hc plane of the figure and the plane of projection* 



PROP. III. 

A circle parallel to the plane of projection is projected into 
II circle equal to itself ^ and concentric with the primitive. 

The circle being parallel to the piimitive, their common 
axis passes through the pr(^ecting poipt (2. and 4. def.), and 
every radius of the circle is projected into a line equal to it- 
self (Con l.prop. 1.) ^ ^. D. 



^ 



ROLLARY. 



Th^ radius of the projected circle is the co-sine of the 
distance of its original circle from the primitive, and the sine 
of its distance from its own pole. 



PROP. W. 

An inolimd circle ispnjecte^ into an ellipsis whose trans* 
iffrse axis is the diameter of the circle. • 



.ji_ ^«5-_^ 
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Let ADBH (fig. 41.) be the inclined circle, P its centre ; 
* and let it be projected ittto adbh ; draw the plane ABFCa 
through the centre C of the sphere, perpendicular to the 
plane of the given circle and plane of pfojettioti, to intersect 
them in the Unes AB, ad ; draw GPH, DE perpendicular, 
and DQ parallel to AB ; then, because the line GP, amd the 
plane of projection, are both perpendkukur to the platie 
ABF, GH is parallel to the plane of projection, and .there- 
fore to gh* 

In the circk ADB, D€P = GQH ^gqh, afid BP»a: GP» 
=:^«. And (16* 2. Supp.) BP : EP or D€l t : bp : ep or 
dq^ and BP« : DQ* \ x bp^ i dq^ ; that is, gp^ : gqh \\bf\ 
dq^ ; and therefore agbh is an ellipsis, whose transverse gh 
is the diameter of the circle (CVr. 2* to 15. 2. Conies). 
^ E. D. 



COROLLARY I. 



- Since ab is perpendicular to gh^ therefore ab is dw conju- 
gate axis, and is twice the sine of the angle ABb to the ra«- 
dius gp : that is, the conjugate axis is equal to twice the co*- 
sine of the inclination, to the radius of the circle. 



COROLLARY II. 



The transverse axis is. equal to twice the co-sine of its 
distance from its parallel great circle. For gh = GH = 
2 AP = twice the sine of AK. 



' » \ 
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eOROLLARY HI. 



The extremities of the conjugate axis are distant from the 
centre of the primitive, by the sine|5 of the circles nearest and 
greatest distance from the pole of the primitive. Thus aC 
13 the sine of AN, and bC the sine of BN. 



COROLLARY IV. 



Hence also it is plain, that the conjugate axis always 
passes through the cefotre C of the primitive ; and is always 
in the line of measures of that circle. 



SCHOLIUM. 



Every circle in the projection represents two equal cir- 
cles, parallel and equidistant from the primitive. Ever}^ 
right line represents two semicircles, one towards the eye, 
the other in the opposite side , Every ellipsis represents 
two equat circles, but contrarily inclined, as AB, CD ; one 
above the primitive and the other below it. 



t- 
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SECTION II. 

T^he Stereographic Projection of the Sphere. 

PROP. I. 

Any circle passing through the projecting pointy is pro- 
jected into a right line. 

For lines drawn from the projecting point to any part of 
the circle will be in its plane ; and will therefore meet the 
plane of projection in the common section of th^t plane and 
the plane of the citcle, which is a right line (3. 2 Supp.) 

COROLLARY. 

\ 

A great circle passing through the poles of the primitive 
is projected into a right line passing through the centre. 



PROP. 11. 

Any point on the sphere is projected into a pointy distant 
from the centre of the primitive the semi-tangent of its dis- 
tance from the pole opposite to the projecting point. 

» 

Let E (fig. 42.) be the point to be projected ; A the pro- 
jecting poi^it ; M the opposite pole ; BH the plane of pro- 
jection (seen edgewise) ; ABEM a great circle perpendicu- 
lar to the plane of projection. Since AM is the axis of the 
primitive, AC is at right angles to BH ; therefore GC is the 
tangent of GM, or the Bemi^tangent of EM. 
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<:OROXLARY I. 



Any circle passing through the projecting point is pro- 
jected into a right line petpendicular to the line of nieatures, 
agd distant from the centre the semi-tangent of its nearest 
distance from the pole opposite to the projecting point. 

Thus if A E be a circle passing through A, and at right 
angles to ABEM, the common section of AE and the plane 
of projection will be perpendicular to the line of measures 
(def. 5. and 18.2 Supp,), and its distance GC is the semi- 
tangent of EM. 

« 

COROLLARY II. 

Any arc EM of a great circle perpendicular to the pri- 
mitive, is projected into the semi-tangent of it. Thus EM 
is projected into GC. 

« 

COROLLARY III. 

- A great circle perpendicular to the primitive, is project- 
ed into a line of semi-tangents passing through the centre, 
and produced infinitely. • 

For MF is projected into its semi-tangent CH, and EM 
into the semi-tangent CG. 



COROLLARY IV. 



Any arc EMF of a great circle perpendicular to the pri- 
mitive, is projected into the sun\ or difFerence of the 
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semi-tangents^ cxf hs greatest and leant distances from the 
pole opposite the projecting point, accof ding aa the extreKii- 
ties lie on different or the same side of that pole. 

PROP. III. 

Every circle ^ that passes not t/irQugh the projecting pointy 
is, projected into (i circle. 

♦ 

Let the original circle EF (fig. 43.) be parallel to the 
primitive BD ; lines drawn from all points of it to the pro- 
jecting point A, will forii> ^ donical surface, which being cut 
by the plane ^BD parallel to the base, the section GH (into 
which EF is projected) will be a circle. (Sin^son's Qonics, 
book l.prop. 23.) 

Case 2. Let ABMF (fig. 42.) be a great circle perpen- 
dicular to the primitive and to the circle EF, A the pro- 
jecting point, BH the line of measure^ to the circle EF ^ 
draw FK parallel to BD, then the arc AK=pAF, and there- 
fore angle AFK or AHG == AEF ; therefore in the trianglea 
AEF, AGH, the angles at E and H are equal, and the angle 
A common, therefore the angles at F and G are equal* 
Therefore the cone of rays AEF (whosQ base EF is a cit- 
cle) is cut by sub-contrs^ry section, b)'^ the plane of projection 
BD, and therefore the section GH (which is the projection of 
the circle EF, will also be a circle. \Simson^3 Conies ^ book 
t,prap.24>.) ^E.B. 

/ 

COKOLLARY I. 

When AF is equal to AG, the circle EF is projected into 
» circle equat to itself. 



I 



96 SPHERICAL PROJECTIONS. 

For the similar triangles AHG and AEF, will also be 
eqttaly and GH r= EF. 

COROLLARY II. 



Since the plane AB, MF is peijpendicular to EF, the for- 
mer passes the pole of the latter, and therefore the projected 
pole of the original circle, and the centre of its representa- 
tive, are in the line of measures. 



PROP. IV. 

The angle made by two circles on the surface of the 
sphere^ is equal to that made by their representatives upon 
the plane of projection. 

Let the angle BPK (fig. 44.) be projected. 'Through 
the angular point P and the centre C, draw the plane of a 
great circle PED, perpendicular to the plane of projection 
EFG ; let a plane PHG touch the sphepe ii) P ; then since 
the circle EPD is perpendicular both to this plane and to the 
plane of projection, it is perpendicular to their common sec- 
tion GH. Th^ angles made by circles are the same as 
those made by their tangents ; therefore in the plane PGH> 
draw the tangents PH, PF, PG to the arcs PB, PD, PK, 
and these will be projected into the lines pHypFypG. Now 
I say the angle KJPG = angle HpG ; for the angle CPF 
= a right angle = C/?A + CAp ; therefore, taking away 
the equal angles CPA and CAP, angle /iPF=:C/?A or P/»F ; 
conseqnently ;&F=PF. Therefore, in the right-angled trian- 
gles PFG and/^FG, there are two sides equal and the inclu- 
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ded right angle ; whence the hypothenuse PG ==/G. And 
for the same reason, in the right-angled triangles PFH and 
/»FH, PH=/H. Lastly, in the triangles PHGand/HG, 
all the sides are respectively equal, and therefore angle P = 
angle ^. ^ E. D. 

COROLLARY. 

The angle made by two circles on the sphere, is equal to 
the angle made by the radii of their projections at the point 
of intersection* 

m 

For the angle made by two circles on a plane, is the same 
with that made by their radii drawn to the point of intersec- 
tion. 



PROP. V* 

The centre of a projected {lesser) circle^ perpendicular tH 

the primitive^ is in the line of measures^ distant from the 

'centre of the primitive^ the secant of the lesser circlets dis'^ 

tance from its own pole ; and its radius is the tangent of 

that distance. ^ 

Let ABLK (fig. 45.) be the primitive circle, EF the 
common section of the plane of this circle and that of the less 
cii*cle, CH the line of measures. The centre of the project- 
ed circle is in CH (Cor* 2. Prop. 3.) Since E and F are in 
the primitive, the projected circle must evidently pass 
through E and F. Let D be the centre of the projected 
Circle, and join CF, DF j then CFD is a right angle (Cor. 



1 



I 
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JVf/f. 4.) ; therefore FD is the tangent, and Ct> the seeant 



PROP. VI. 

The centre of projection ef a great circle is in the line 
of measures, distant from the centre of the primitive^ the 
tangent of its inclination to the primitive ; and its radius is 
the secant of its inclination* 

Let AIB (fig. 46.) be the primitive, C its centre, AGB 
the projected great circle, IH its line of measures. The 
centre is in IH (Cor, 2. prop* 3.) Let D be the centre ; 
join CA, DA ; then the angle CAD is equal to the inclina- 
tion of the circles {Cor. to prop. 4.) But ACD is a right 
angle {DefS.andlS. 2Supp); therefore CD is the tan- 
gent, and AD the secant, of the inclination o^ the circle 
AGB to the primitive.. ^ E. D. 

COROLLARY. 

Of all projected great circles, the primitive is the least* 
For the radius of any oblique great circle being the se- 
cant of its inclination to the primitive, is greater than the 
radius of the primitive. 



PROP. VII. 

If a projected great circle pass through G (fig. 47.), one 
extremity of the diameter of a projected great circle GAH, 
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its centre will be in the right line RS, drawn through D, the 
centre of GAM ^perpendicular to GH, 

For since ali ^at circles cut each other at a senu^^le's 
distance, all great circles passing throug}^ G must cut at the 
opposite point H f and therefore their centres must be in 
the line RDS. ^. E. D. 

COROLLARY !• 

Hence, also, if any oblique circle GLH be required to 
, aaake any given angle with another circle BGAH, it will be 
projected the same way with regard to G AH considered as a 
primitive, and RS its line.of measures ; as die circle BGA 
is on the primitive BIA9 and line of measures ID. And 
therefore the tangent of the angle AGL to the radius GD> 
set from D to N, gives the centre of GL« 

For the angle NGD will then be equal to A >L (by Cor. 
prop. 4.), and therefore GLH is rightly projected* 

COROLLARY IT, 

And for the same reason, if N be the centre of the circle 
Gf HR^ the centres of all circles passing through g jud 
B, will be in the line rN« perpendicular to RS ; so n is thd 
centre of grR. But then as jr^ R do not represent oppo^ 
site points of the circle G^H, therefore all circle]^ paii^i!||g 
through g^ R (as ^rR), win be lesser circles, except G^HK. 






« « 



> 



100 SPHERICAL l^ROJECTIONS 



PROP. VIII. 



The extremities of the diameter of a projected circle are 
in the line of measures distant from the centre of the pri- 
mitive^ the semi-tangents of the least and greatest distant es 
of the original circle from the pole of the primitive opposite 
to the projecting point. 

Let EF (fig. 48.) be the original circle, IK the prii?:iitive 
(both seen edgewise), A the projecting point. The diame- 
ter of the projected circle is in the line of measures (Cbr. 2. 
prop. 3. ; also the diameter EF is evidendy projected into 
GH, of which the parts GC and CH are the semi-tangents of 
BE and BF. ^. E. D. 



j COROLLARY I. 



The points where an inclined great circW cuts the line 
of measures within and without the primitive, are distant 
fretn the centre of the primitive^ the tangent and. co-tangent 
of Kalf the complement of the circle's inclination to the pri- 
mitive. 

For CG (fig. 46.) = tangent of half EB, or of half the 
complement of IE, the inclination. And (because the angle 
E AF is right) CH is the co-tangent of GAC, or half EB. 

COROLLARY II. 

Hence the centre D (fig. 4^.) of a projected circle is 1st 
{he line of measures, distant from the centre of the primitive, 
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half the difference of the semi-tangents of its nearest and 
greatest distance from the opposite pole, if it encompasses 
that pole ; but half the sum of the semi-tangents if it lie on 
©ne side of the pole of projection. 



COROLLARY III. 



And the radius is half the sum of the semi-tangents, if the 
circle encoinpasses the pole ; or half the difference, if it lies 
Qn one side. 



PROP. IX. 

In €{ny projected circle^ the segments of the diameter y inter- 
tepted between its extremities and one projected pole ^ are to 
each other as the segments between the same extremities 
and the other. 

Let EF (fig. 49.) denote the original circle, P and Q its 
poles, j^H the plane of projection, A the projecting point. 
Then GH is the diameter of the projected circle, p and q the 
projected poles. Then since EP=PF, the angle GAH is bi- 
sected by the Ime Ap ; hence (3. 6.) Gp : pH : : AG : AH. 

Again, produce HA to L ; then (13. 1.) HAG, GAL = 
two right angles = (31. 3.) 2pAq = 2pAG + 2GAy = 
HAG -I- 2G Ay ; hence GAL is bisected by Ay ; therefore 
(A. 6.) Gy : yH : : AG : AH ; consequently Gy : yH : •: 
BpipH. ^.£.D. 



s 
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PROP. X. 



¥ 



.u 



The projected poles of any circle are in the line oj mea^ 
sures^ within and without the primithe^ and distant from its 
centre the tang-ent and co-tangent of half, its inclination to 
tie ft^imitive^ 

The poles P,/> (fig. 50.) of the circle EF are projected 
into D and d; and CD is the tangent of CAD or, half BCP, 
that is, of half GCI, the inclination of the circle ICK, paral- 
lei to EF. Likewise Cdis the tangent of CA</, or the co- 
tangent of CAD. ^ £. JD. , ,: . . , 

/ '•■'■■ £^ 

♦ . A , , V , ,. , . ^ Ml' ... 

The pole of the primitive is its centre ; and tbe^^^s ef a 

" " ' ' ' ■■ *"' 

right circle i^ in the priijiitiviB.. :; . • '-, r 
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The projected oexJtre * of ai^y ciirder is always betwe^^jfe'ci 
projected pol^2(neanpt to it oh the sphere) and the centre of 
tlie priraiti\a^»'a»Jtne projected centres of all circles lie be-- 
tween th^ projeoied poles,' --: * j^: , 



♦ The young Student must observe, that the j6ro;ede^cen»« is the point 
on the plane of projecticli ikta which the cemtfe of the ortgii^al difefe vi \\ 
projected ; and is a different point from the centie of tlie pvojeefed cikdeV . 
the latter always lying beyond the projected pole nearest to the.^ cen)?5rt3(p . 
th« primitive ^,. *-^ * " 



'». ' * 
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For the middle point of EF, or its centre, is projected in- 
to s ; and all the points in Fp (in which are all the centres) 
are projected into Dd. 

COROLLARY III, 

If P (fig. 51.) be the projected centre of any cii-cle EFG, 
any right lines EG, FH passing through P will intercept ' 
equal arches EF, GH. 

For in ^ny circle of the sphere, any two lines passing 
tljrough the centre, intercept equal arches ; and these are 
projected into right lines, passing through the projected 
centre Pj and therefore EF, GH represent equal arches. 

- LEMMA. 

. If two planes pass through a globe^ and also intersect ^fl*3jft^ 
other ^ and^from the two points where their common sdfithn. • 
meets the surface^ two circles equally d^tant ftom those 
points be described^ the arcs of those circles^ intercepted be-^ 
tween the cutting planes^ on the same side of their common 
section^ are equal to each other • 

Case 1. When the cutting planes pass through th^ 
centre of the sphere. Let ABDPLG and ACEP (fig. 53.) 
be the cutting planes, AP their common section, BC and DE 
the intercepted arcs, BF, CF, DH, EH the sections of their 
planes and the cutting planes; BC is equal to DE. 
Because ABDP and ACEP pass through the centre 
of the globe, AP is a diameter to each of the circles 
formed by the intersection of these planes and the spherical . 
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surface. Because A and P are the poles of the circles BC 
and DE, the line AP is perpendicular to the planes of those 
circles {defnition 2. Spher. Trig.) ; therefore AFB, AFC^ 
PHD, PHE are right angles {def^ U 2 SuppJ); consequently 
FB is parallel to HD, and FC to HE (28. l.J ; whence the 
angles BFC, DHE are equal (9. 2 Supp.) The lines BF, 
FC, Di$ H£ are also^ual, being the sines of equal arcs ; 
whence the arc BC is equal to DE (26. 3.) 

* 

Case. 2. When one of the planes passes through the 
centre' of the glob^, and the other does not. 

» - 
LeHliBDP (fig. 53.) be the circle formed by the intersec- 
tion of the superficies of the sphere, with the plane passing 
through the ce^e, AC EM wie wcle whose plane does not 
pass through tl]fe^ centre, A M the common section of the planes, 
O the centre of the circle ABDP ; BF, DH the common sec- 
tions of the planes BCF, DEH with the plane ABDP; join 
AO, MO, FC, LC, HE^ NE, AC, ME ; then, as in the first 
case, FB, FC, HD, HE are all equal ; also AF = MH. But 
the ^n§le FAL = HMN (5. 1.), and AFL = MHN, being 
both right ; therefore AL = MN (26. 1.) Moreover, in the 
triangles ALC, EMN, the side AC = ME, and the angle 
CAL tr EMN ; hence LC = NE (4. 1.) : then, in the tri- 
angle^ LFC, EHN, we have LF = NH, FC = HE, and 
LC = NE ; therefore the angle LFC = NHE, consequently 
BC=DE. 

Case 3. When neither of the planes passes through the 
centre of the sphere. 



Through the common section of these planes and the cen- 
tre of the spliere, let a third plane pass ; thetl, by the last 
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c»se, the arches o£one of the equidistant circles, intercepted 
betvreen the third plane and each of the others, and the cor- 
I'esponding arcs of the other similarly intercepted arc, are 
equal, each to each ; and therefore their sums or differences 
will be equaL But the sum of those arcs, when the given 
cutting planes fall on the opposite sides of the third plane, 
and their difference when they fall on the same side, will be 
the arcs intercepted between the first mentioned cutting 
planes. 



PROP. XL 

Jf EFGHj efgh (fig, 51. and 54.) represent two equal cir' 
cleSj zvhereTf KFGli is as Jar Jrom its pole P, as efgh is from 
the projecting point ; any txuo right lines EP, FP draxvn 
through^ will intercept the representatives of equal arcs of 
those circles ; on t he sa?ne side., if F falls wit hint he circles; but 
on the contr^iry side^ if without; that is EF = ef, and GH 
= gh. 

For, by the Lemma, two planes passing through the pole 
of the original circle, represented by EFGH, and the pro- 
jecting point, will cut off equal arcs of those circles, and 
these planes will intersect the plane of projection in. right 
lines passing through the projected pole P. 

« 

COROLLARY I. 

If a circle is projected into a right line EF (fig. 55.) per- 
pendicular to the line of measures EG ; and if from the centre 
of the primitive C, a circle efP be described, passing through 

o 
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P the pole of EF, and PF be drawn ; then the aro ^^x. EF* 
And if any other circle be described whose vertex is P, the 
arc ^will always be equal to EF. 



y 



COROLLARY IT. 



If from the projected pole of a great circle there be drawn 
Itvvo right lines, the intercepted arc of that circle will be 
equal to the intercepted arc of the primitive. 



^ COROLLARY. III. 



If from an angular point, two right lines be drawn through 
the poles of its sides, the intercepted arc of the primitive 
will be the 'measure of that angle. 

, For the arc of a great circle contained between the poles 
measures the inclination of the axes, or the inclination of the 
planes, of those circles. 



- v»^» 



PROP. XII. 



/TQH, NK ( fig.SQ. and 57.^ be ttvd equal circles, where- 
of NK is as far fro rnlfie projecting point as QHfram its 
pole P ; ancLifthey be projected into the circles mjhose rd0t 
are MC or CL, and DF or FG, F being the centre of UG, 
and ^ the projected poltui I say ^ the pole F^ will be distant 
from their centres in proportion to the radii of the circles ; 
that is, CE : EP : : CL : DF or FG. 

For, since NK and ML are- parallel, and the arch Nl =±: 
JPH, therefore angle ELI = NKI (or r^XI) =1= GIP ; there- 
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iw 



fore the triangles lEL and lEG are similar ; whence EL : 
EI:: EI: EG. 

Again, the angle EMI = KNI = PIQ, and therefore the 
triangles lEM aad I ED are similar ; whence EM : £1 : : 
EI : ED. Therefore EP =^ EL X EG = EM x ED ; con- 
sequently EM : TIL : : EG : ED ; and, by composition, 

EM 4- EL EM— EL EG + ED EG — ED , 

J. ; : : Z : ; that 

2 2 2 .2 

is CM : EC : : FG : EF. ^ E. D. 

COROLLARY I. 

Hence, if the circle KN be as far from the projecting 
point as QH is from either of its poles, and if E, O be its 
projected poles ; then will EL : EM : : ED : EG : : OD : 
OG. 

This follows from the foregoing demonstration and 
prop. 9. 

COROLLARY JI. 

Hence, also, if F be the centre, and FD the radius of any 
circle QH, and E, O the projected poles ; then EF : DF : : 
DF : FO. 



For it follows from Cor. 1. that 



EG + ED EG — ED 



OG + OD OG — OD 
2 2 

DF : : DF : FO. 



2 2 

Whence, inversely, EF : 



« * 
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COROLLARY III. 

Hence if the circle DBG (fig. 58.) be as for from its pro- 
jected pole P, as LMN is from the projecting point ; and if 
any right lines be drawn through P, as MPG, NPK, th^y 
will cut off similar arches GK, MN in the two circles* 

For, from the centres C, F, draw the lines CN, FK ; then, 
since the angles CPN and FPK are equal, and by this prop. 
CP : CN : : FP ; FK ; therefore (by 7. 6.) the triangles 
PCN and PFK are similar ; and the angle PCN = angle 
PFK ; therefore the arches MN and GK are similar. 

COROLLARY wl 

« 

Hence, also, if through the projected pole P of any circle 
DBG, a right line BPK be di^awn \ then, I say, the degrees 
in the arc GK shall be the measure of DB in the projection ; 
and the degrees in DB^ shall be the measure of GK in the 
projection. . 

For (by prop. 1 1.) the arc MN is the measure of DB, and 
therefore GK, which is similar to MN, will also be the mea- 
sure of it. 

» COROLLARY V. 

The centres, of all projected circles are beyond the pro- 
jected poles (in respect to the centre of the primitive) ; and 
none of their centres can fall between them. 
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COROLLARY VI, 

Hence it follows (by cor. 5. and prop. 10. cor. 3.), that all 
circles that are not parallel to the primitive, have equal arches 
on the sphere represented by unequal arches on the plane of 
projection. 

For if P (fig. 51.) be the projected centre, then GH is 
greater than EF. 

SCHOLIUM. 

It will be easy, by the foregoing propositions, to describe 
the representation of any circle, and the reverse will, easily 
show what circle of the sphere any projected circle repre- 
sents. What follows hereafter is deduced from the forego- 
ing propositions, as will be shown. 

If the sphere was to be projected on any plane parallel to 
the primitive, it is all the same thing ; for the cones of rays 
issuing from the projecting point, being all cut by parallel 
planes into similar sections, it only makes the projections 
greater or less, according to the distance of the plane of pro- 
jection, whilst they are still similar ; and it amounts to no 
more than projecting from different scales upon the same 
plane. And, therefore, the projecting of the sphere on the 
plane of a ksser circle is only projecting it upon the great 
circle parallel thereto, and continuing all the lines of the 
scheme to that lesser circle. 
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PROP. XIII. PROB. , 

JTo draw a circle parallel to the primitwe at a given dis- , 
taticefrom its pole* 

RULE. 

, m 

Draw two diameters to the primitive AB, D£ (fig. 59.)^ 
at right angles to each other. Set the distance of the pa- 
rallel from the pole opposite the projecting point, on the pri- 
mitive from D to F ; join EF, cutting AB in I ; from the 
centre C, with the radius CF, describe the circle IG, and 
the thing is done. 

By the Plane Scale. 

With the radius CI, equal to the circle's distance from the 
poleof the primitive opposite the projecting point, describethe 
required circle IG. Here it may be remarked, cmce for all, 
that, in all diese projections by the plane scale, the r«lius 
of the primitive is equal the chcMrd of 60° = tangent of 45" 
=: semi-tangent of 9CP. 

• 

The radius of the projected circle is the semi-tangent of 
the distance of its original circle from the pole of the primi- 
tive, by Cor. 3. prop. 8. 
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PROP. XIV. PROS. 

To draw a iesser cirtk perfendicular to the primitive ai a 
gwen distance from thepok ofthtxt circle. 

lUJLE. 

Through the pok B (fig. 60.) draw the line of measures 
AB ; make BG equal to the circlets distance from its pole, 
and draw CG and GF perpendicular to it ; with the radius 
FG describe the circle GI required. 

By the Scale* 

Set the secant of the circle's distance from its pole from 
C to F, which will give the centre. With the tangent of 
that distance for a radius, describe the circle GI. Or thus : 
make BG the circle's distance from its pole ; and GF . its 
tangent, set from G, gives F the centre ;'^ through G describe 
the circle GI from the centre F. (This construction is mani- 
fest from prop. 5.) 

COROLLARY. 

Hence a great circle perpendicular to the primitive, is a 
right line DCE drawn through the centre perpendicular to 
the line of measures. (See cor. 3. prop. 2.) 
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SCHOLIUM. 

When the centre F lies at too great a distance, draw EG 
to cut AB in H ; or Jay the semi-tangent of DG from C to 
H ; and through the three points G, H, I, draW a circk 
with a bow. 



PROP. XV. PROB. 

To describe an oblique circle at a given distance from a 
pole given. 

RULE. 

Draw the line of measures AB (fig. 61.) through the given 
point/, if that point is given ; and draw DE perpendicular 
to it J also draw i^P. Or^ if the point p is not given, set 
the height of the pole above the primitive from B to P. 
Then from P set off PH = PI = the circle's distance from 
its pole ; and draw EH, EI to intersect AB in F and G, 
On FG, as a diameter, describe the circle refquired. 

By the Scale. 

Apply Cj& to the line of semi-tangents, and the distance of 
the pole of the circle, required to be drawn from the pole of 
the primitive, becomes known ; whence the greatest and 
leastdistances of that circle from the pole of the primitive are 
easily obtained. Take the semi-tangents of these distances, 
and set them from C to F and from C to G, in the same or 
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in different directions, according as the extremities of the 
circle are situated on the same or on different sides of the 
pole opposite to the projecting point. (See cor. 2. prop. 2.) 



SCHOLIUM* 



This method is evidendy applicable either to great circles 
or less ; but the former are more readily described by the 
following problems. 



PROP. XVi. PROB. 

4 

To describe^ about a given pole^ a great circle oblique to 
the primitive. 

RULE. 

Let F (fig. 61.) be the given pole ; draw the line of mea- 
sures AB, and, at right angles to it, the diameter £D ; join 
EF, and produce it to fl ; make HP = HD ; join EP, and 
let it (produced if necessary) cut AB in/> ; from the centre p^ 
with the radius /^E, describe the great circle ELD. Or, 
make HK a quadrant, join EK, and through ELQ describe 
the circle required. 

By the Scale. 

Apply CF to the semi tangents, and lay down Cp the tan- 
gait of the degrees in CF j from the centre />, with the se- 
cant of the same number of degrees as radius, describe the 
circle. Or, make CL the semi-tangent of the complement 
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of the degrees ill CF ; through DLE describe a circle, ttid 
the work is done. 

The arc of a great circle intercepted between the pole of 
the oblique circle and that of the primitive, measures the 
inclination of those circles to each other ; and this arc is 
projected into its semi*tangent (by cor. 3. prop* 2.) Also 
the distance df the centre of an oMique gt^eat circle frbm the 
centre of the primitive, is the tangent of their Itidinatibn 
(by prop^ 6.) ; whencfe the first method is manifestly cor« 
reel ; the second appears equally so, from cor. 3. prop. 2. 



PROP. XVII. PROB. 

Through two given points to describe a great circle. 

RVLE. 

IstX A, B (fig. 62«) he the given points. Through one 
of diem A draw the diameter OD, ^d EF at right angles 
to OD ; join £ A, and let it meet the primitive in H ; dmw 
tht diameter HI ; join £1, and let DO, £1 (produced if 
necessary) meet in G ; through die three points A^ B, G 
describe tht. circle required* 

By the Stak. 

DrAW the diameter DAO ; apply CA to the Betni-fan- 
gentB ; lay its supplement, taken also on the semi-tangeats 
from C to G ; through A, B, G describe the cirde. Or^ 
apply AG to the tangents, and lay the tatigent of its comple- 
ment from C to G. 



SPliEKICAL'PROjECTIOIIS. 415 

For, since HEI or AEG is a right angle (31. 3.), the 
points A and G represent opposite points on the sphere^ 
therefore all circles passing through A and G are great 
circles ; also, CA and CG are evidently the semi-tsatgents 
of arcs, which together nRake a semicircle, or the tangents 
of arcs which compose a quadrant. 

If one given point is in the centre of the primitive) the 
fig^ circle passing through the other given point will be the 
one required. 



PROP. XVIII. PROB. 

About a g'vo€7i pole^ to describe a circle through a given 
point. ' 

RULE. 

Let P (fig. 63.) be the given pole, and B the given point i 
through PB describe die great circle AD (by the last pcob.); 
draw the lincBF touching AD in B ; join CP, and produce » 
it to meet BF in F ; from the centre F, at tiie distance 
BF, describe the circle BGH required. 

Any circle passing through B, and having its pole in DA, 
will have its centre in BF (by 18« 3. and cor. to prop. 4.) ; 
the centre of a circle, whose pole is P, will likewise lie in 
CP producccj (by cot. 2. prop. 3) ; therefore die point F is 
the centre of the required circle. 



> 
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PROP. XIX. PROB. 

To find the poles of a given projected circle FNG 
(fig. 61.) 

RULE. 

Through the centre of the given circle draw the line of mea- 
sures AG, and, perpendicular to it, the diameter ED. Join 
E> F ; E, G ; and let them (produced if necessary) meet the 
primitive in H and I ; bisect HI in P, join £P, meeting the 
line of measures in p: p is the internal pole. And if the 
diameter PQ be drawn, and £Q joined by a right line 
meeting the line of measures in ^, q will be the external 
pole. 

When the circle is a great one, the poles may be found 
more expeditiously thus : Let DLE be the great circle ; 
draw the line of measures AB and diameter DE ; join EL, 
and produce it to K ; make KH, KR each e^ual to AD =& 
. 90° ; draw EH, £R meeting the line of measures in F and 
S, the poles required. 

By the Scale* 

Apply CF, CG (fig. 61.) to the line of semi-tangents, and 
note the degrees ; take half the sum or half the difference of 
these degrees, according as F and G lie on the same side or 
on opposite sides of C, and lay their semi-tangent from C 
to pj the internal pole required. Make Cq the semi-tan- 
gent of the supplement of C/^, and ^ is the external pole. 
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»*• 



When the circle encompasses the pole of the primitive^ 
observe to lay Qp toward the most distant extremity G. 

For a great circle as DLE, draw the line of measures AB* 
Apply CL to the semi-tangents, and lay its complement 
fromC to F, and the degrees in CL increased by 90° from 
C to S (both taken from the semi-tangents) ; F and S are 
the projected poles required. 

The reason of these constructions is easily seen from 
Con 1. prop. 8« and Cor. 2. prop. 2. 

COROLLARY. 

The poles of a right circle are in the primitive, distant 
90° from the intersection of the primitive and right circle. 



PROP. XX. PROB. 

To draw a great circle making a given angle with the 
primitive at a given point D (fig. 61.) 

RULE. 

Draw the diameter DE, and AB at right angles thereto ; 
lay twice the measure of the given angle from K to K ; join 
EK, and let EK meet AB in L ; from the centre L through 
D describe the circle Dj&E required. 
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Btf the Scaie. 

Draw the diameters DE, AB as before, aad lay the tan- 
gent of die given inclination from C to L ; L is the centre of 
the circle required. 

These constructions are evident from prop* 6. and 20. 3. 
Elem. 

m 

COROLLARY I. 

When the givea angle is a right one, the right circle pass- 
ing through die given point is the circle required* 

/ 

COROLLARY II* 

To describe an oblique circle making a given angle with 
a given oblique circle Dj&E, at the point D in theprimi- 
tive* 

Draw E/?P, and set, the degrees in the given aagle from 
P to K ; join EK, meeting AB in L ; and through D, L, E 
describe the circle required. 



PROP. XXL PROB. 



Through a given point 1? to describe a circle making u 
given angle with the primitive. 
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I 

RULE. 

Through the given point P (fig. 64.) draw the. diameter 
AB, and D£ at right angles to AB ; set twice the given 
ai>gle from A to K ; join BK, cutting CD in G ; from the 
centre C, through G, describe the circle GI, and from the 
centre P, with the radius BG, describe an arc cutting GI in 
F ; from the centre F, through P, describe the circle MPL 
required. 

By the Scale* 

With the taltgent of the given angle as radius and centre 
C describe the circle IGF ; and from the centre P, with thp 
secant of the same angle, describe an arc crossing it in F, the 
centre of the circle required. 

This problem depends upon the same principles as the 
last. 

y 

COROLLARY. 

If the circles described from C and P do not meet, the 
problem is impossible. 



PROP. XXII. PROB. 

To describe a great circle making: a given angle with a 
given oblique great circle FPR (fig. 65.), at a given point 
P in that circle. 
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RULE. 

Through the given point P, draw the diameter DE ; find 
N the centre of the given circle, and draw NI perpendicular 
to D£ ; join PN, and make the angle NPL equal to the 
given one ; from the centre L, through P, describe the circle 
HPK required* 

Let FPR meet DE, produced, in T, then FT is the re- 
presentative of a semicircle at right angles to the primitive ; 
consequently any great circle which passes through P, must 
pass also through T ; whence (by prop, 7*) the centres of all 
such circles will lie in IN ; and the circles make the same 
angles with each other as their radii drawn to the point of in- 
tersection. (Cor. to prop. 4.) 



PROP. XXIII. PROB. 



Through agwenpotnt P {fig. 66.) to describe a great circle 
making a given angle with a given great circle DE. 

RULE. 

About the given point P as a pole, describe (by pipop. 15.) 
the great circle FG ; find I the pole of the given circle DE 
(by prop. 18.) ; and about the pole I, describe (by prop. 14.) 
the less circle HLK, at a distance equal to the measure of 
the given angle, intersecting FG in H ; about the pple H, 
describe the great circle APB required. 



SPHERICAL PROJECTIONS. 121 

The distance of the poles of two great circles measures 
die inclination of their planes ; >whence the construction is 
obvious. 



COROLLARY. 



When tlie given angle is a right one, the required circle 
must be described through P and I, by prop. 16. 



PROP. XXIV. PROB. 

To describe a great circle cutting two given great circles 
abd, ebf (^fig* 67.) at given angles. 

» 

RULE. 

Find the poles 5, r of the two given circles (by prop. 18.) * 
about these poles, at distances respectively equal to the mea- 
sures of the given angles, describe two circles (by prop. 14.) ; 
the point ;^, where these circles cut each other, is the pole of 
the circle moq required. 

COROLLARY. 



To draw a right circle which shall make a given angle 
with a given oblique great circle abd^ describe a less circle, 
at a distance from the pole of the oblique circle equal to the 
measure of the given angle ; the point where this circle in- 
tersects the primitive is the pole of the right circle, required. 
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PROP. XXV. PROB. 

Throug'/i a given point Z (./%•• 68.) to describe a great 
circle xvhich shall touch a given less circle NMQ. 

RULE. 

Parallel to the given circle, and at the distance of 90° 
from it, describe the circle VTR (by prop. 12. 13. or 14,) 
About the given point Z, as a pole, describe the great circle 
TS (by prop* 15.), intersecting VTR in T ; about T^a» a 
pole, describe the circle ZMS requirecj- 

For, through T, and the pok P of the given circle, let the 
great circle TMP pass, meeting NMQ in M ; then, by the 
construction, MT is a quadrant ; therefore the circle ZS^ 
wiiose pole is T, passes through M, and consequently 
touches the circk NMQ:. 



PROP. XXVI. PROB. 



y 



Tt) lay any given number of degrees on a ^reat circle^ or 
to measvre a giveti afa'fijf'itm, 



• RULE. 



Case 1. When the great circle is the primitive. Lay 
down the given degrees from the scale of chords ; or mea- 
sure the given arc by the scale of chords. 
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Fpr the primitive is an original circle, and must therefore 
be measured as in common geometry. 

Case 2. When^he given circle is a right one, as AB (fig. 
59.) Through C, the centre of die primitive, draw DE at 
right angles to AB, then D and E are the poles of AB. Then 
to lay any proposed number of degrees from C, towards A, 
lay them on the primitive from D to F, and draw EF, cut- 
ting AB in I ; CI contains the number proposed ; for, by 
cor. 2. prop. 11. CI and AI are measured by the arcs DF 
and AF respectively, 

Or CI and AI may be laid down or measured, by the line 
of aemi*tangents ; observing to measure AI on the scale 
from 90° toward the beginning. (See cor. 2. prop. 2.) 

Case 3. When the given circle is an oblique (me. Let 
AFI (fig. 69.) be the primitive; find the internal pole P of 
the.given circle DEH (by prop. 18.) ; lay the degrees pro- 
posed from A to F, and draw PA, PF intercepting DE the 
arc required. Or to measure a given arc DE, draw P£F, 
PDA ; AF is the measure of DE. 

Or, find the external pole p of the given circle ; set the 
given number of degrees from I to K, and draw/ri,/rK, in- 
tercepting the arc DE required. Or to measure DE ; 
through D and E draw/»I,j&K, then IK is the measure of 
DE. (See cor. 2. prop. 11.) 



^ - * 
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PROP. XXVII. PROB. 

To sft any proposed number of degrees on a kss circ/ej 
or to measure a given arc of it, 

RULE. 

Case 1. When the less circle is parallel to the primi- 
tive. 

Let ADBE (fig. 59.) be the primitive ; IGL the parallel ; 
lay the number of degrees proposed from B to H ; join C, 
B, C, H, intercepting GL, the arc required. Or to mea- 
sure GL, draw CGB, CLH ; BH is the measure of GL. 

Or GL may be laid down or ineasured by the line of 
chords on the sector, CG being made the radius. 

Case 2. When the less circle is not parallel to the primir 
tive. Let DEH (fig. 69.) be the le^s circle ; find it$ mter- 
nalpole, P {by prop. 18.); describe AFK parallel to the 
primitive, and as far from the projecting point as the circle . 
DEH is from its internal pole P ; set the given d^rees 
from A to F (3z/ case 1.), and draw PA, PF intersecting 
the given circle in D, E ; then DE is the arc required. Or 
to measure DE, draw PDA, PEF^; then AF is th«? rnea* 
sure of DE. (See prop. 11.) . . : 
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PROP. XXVIII. PROB. 



To measure a given angle* 



EULE. 



• Fin4 the poles of the containing sides (the nearest if the 
f angle be acute, otherwise the furthest), and from the angu- 

lar point, through these poles, draw right lines meeting the 
primitive ; the intercepted arc of the primitive is the measure 
of the given angle. Cor. 3, prop* 11. 
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MATHEMATICAL BOOKS. 



KIMBER & COJ^RJDy 

BOOKSELLERS, 
NO. 93, MABSBT STREET, 

Between Secoad and Third Streets, Philadelphia, 

HAVE rOR SALE 

^JV EXTE^rSIVE ASSORTMEJ^T OF 
MATHEMATICAL AND OTHER SCIENTIFIC 

BOOKS, 

Among which are the following : 



Bonnycastle's Mensuration 

Algebra 

' Astronomy 

Simson's Geometry 

■ ■ Trigonometry 
Gibson's Surveying 
Emerson's Algebra 
Keith!s Trigonometry 
Keil's Astronomy 
O. Gregory's do. 
Gregory's Economy of Nature 
Cavallo on Electricity 
Vince's Astronomy 
Gregory's Mechanics' 
Simson's Fluxions 

. Conic Sections 

Maclaurio's Fluxions 
■ Algebra 
Mayer's Tables 
Emerson's Matheinatical 

Principles 
Davis's Key to Bonnycastle's 
' Algebra 

Hutton's Mathematics 
Wood and Vince's do. 
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Maclaurin's Newton 

Bournon's Mineralogy 

Aikin's Chemical and Mine- 
ralogical Dictionary 

Williams's Mineral Kiagd4>m 

Werner's External Character 
of Fossils 

Hey's Surgery 

Cavallo's Elements of Natural 
or Experimental Philosophy 

Wilkinson on Galvanism 

Tocquot's French and English 
Dictionary 

Polidori's Italian, English, and 
French Dictionary 

Boyer's French and English 
Dictionary, abridged 

Chambaud's French and En- 
glish Dictionary, abridged 
by Perrin 

Gaitell's Spanish and English 
Dictionary 

Ainsworlh's Latin and En- 
glish Dictionary 

Schrevelii Lexicon, Scc» Sec. 



'Sf 



They have also for sale Sufveyiug Chains und Compasses, 
Very elegant twelve and eighteen-inch Geographical Globes, 
Mathematical Instruments, Drawing paper, Reeves* Water 
Colours, Camel's Hair Pencils, Elastic Gum, Sec. &c* 



KIMBER AND CONRAD 

HAVE IJV THE PRESS 

AN INTRODUCTION TO ALGEBRA, 

WITH 

NOTES AND OBSERVATIONS; 

DESIGKED FOR THE USE OF SCHOOLS AND PLACES OF 

PI^BLIC EDUCATION. 

BY JOHN BONNYCASTLE. 

47* The second American edition, in which the errors of for- 
mer editions are corrected. 

They propose also to publish, as eariy as the cutSf which are now in 

hand, can be made ready, 
« 

THE 

ELEMENTS OF ASTRONOMY; 

DESIGNED FOR THE USB OF STUDENTS IN THE UNIVERSITY. 

BY S. VINCE, A. M., F. R. S. 

Such other parts of the works of Vince and Wood as are not 
superseded by works more generally used in schools, will be 
published in succession, so as to form A complete mathe- 
matical COURSE. 
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